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Abstract
The contribution of this work centers on the establishment of a novel topology optimization
framework targeted specifically towards the needs of the structural engineering industry.
Topology optimization can be used to minimize the material consumption in a structure,
while at the same time providing a tool to generate design alternatives integrating archi-
tectural and structural engineering concepts. This tool can be an initial step towards the
creation of eﬃcient designs and provides an interactive, rational process for a project where
architects and engineers can more eﬀectively incorporate each other’s ideas. Through the
selection of layout constraints, the objection function, and other metrics that might fit the
problem being studied, the engineer can then present the architect with a spectrum of solu-
tions based on these parametric studies. This selection process has been shown to provide
new ways to look at designs, which in turn inspires the overall design of the structure.
To streamline and simplify the design process, the computational framework described
throughout this thesis is based on an integrated topology optimization approach involving
the concurrent optimization of both continuum (e.g. Q4, polygonal) and discrete (e.g. beam,
truss) finite elements to design the structural systems of high-rise buildings. For instance,
after the overall shape and location of the perimeter columns of the building are known,
topology optimization can be used to design the internal structural system, while concur-
rently sizing the members. Moreover, while typical topology optimization problems are
based on a single objective function (i.e. minimum compliance), in the context of buildings
it is important to evaluate and account for potential geometric instabilities as well. Thus,
multi-objective optimization, including linearized buckling, has been studied in this context.
To handle the large amounts of data associated with a high-rise, this new framework has
been written to take advantage of a topological data structure together with object-oriented
programming concepts to handle a variety of finite element problems, in an eﬃcient, but
generic fashion as demonstrated in this work. Several practical examples and case studies of
high-rise buildings and other architectural structures are given to show the importance and
relevance of this approach to the structural design industry.
Finally, to better understand the geometries derived throughout the thesis, optimal struc-
tures are explored in more detail using the notions of graphic statics and reciprocal diagrams.
The advantage to using graphic statics for this class of optimal problems is that it provides
ii
all of the information needed to determine the total load path in a graphical manner, allow-
ing the engineer and/or architect to gain valuable insight to the problem at hand. Moreover,
using the reciprocal form and force diagrams, we describe how in the course of finding one
minimum load path structure, a second minimum load path structure is also found. These
analytical studies parallel several of the numerical examples derived throughout the thesis
to verify the resulting topologies from a diﬀerent perspective.
iii
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Chapter 1
Introduction
Topology optimization has been traditionally used extensively in several industries, especially
aeronautical and mechanical engineering. For example, in the design of the A380 aircraft,
topology optimization was used to significantly reduce the weight of the several components,
among those, the outboard and inboard inner fixed leading edge ribs and the fuselage door
intercostals [97]. The contributed weight savings was in the neighborhood of 1000kg per
aircraft. Other examples of the use of topology optimization in the industry include the
minimization of mass sheet metal chassis components for lightweight, fuel eﬃcient vehicles;
the reduction in the NASA Altair Lunar Lander Descent Module weight; the creation of
lighter, safer passenger seats for airline passengers; and the reduction of the material use
and cost in the packaging of home appliances, among others [1]. However, in the civil
engineering industry, it has not been until recently that attention has focused on topology
optimization techniques for the design of high-rise buildings. This thesis discusses new
challenges associated with topology optimization for high-rise building design, including
architectural and aesthetic concerns that were not previously present in the aeronautical
and mechanical applications, and introduces a new computational framework to tackle this
problem.
1.1 Topology optimization for structural design problems
Researchers have previously developed many computational optimization tools for design
optimization, in which the goal is to reduce the cost or material usage in a structure while
satisfying specific design criteria. Among these tools, there are the cases of size optimization,
shape optimization, genetic algorithms, topology optimization and others.
Size optimization is commonly used for finding the optimal cross-sectional area of beam
elements in a frame or calculating the optimal thicknesses of plate elements while satisfying
design criteria (see Figure 1.1(a)). In this method, the design domain, shape or connectivity
of members may not change, but they may be removed during the process [166].
An alternative technique, shape optimization, looks at the shape of the initial material
layout in a design domain and morphs the shape boundaries to obtain an optimal solution
(shown in Figure 1.1(b)). In this case, the optimization can reshape the material inside the
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(a)
(b)
(c)
Figure 1.1: Three categories of structural optimization: (a) sizing optimization, (b) shape optimiza-
tion and (c) topology optimization. The initial problem is shown on the left with the corresponding
optimal solution on the right. [29]
domain, but retains its topological properties, such as the number of holes [29, 79].
An optimization tool commonly used in the design industry is the use of genetic algo-
rithms, where principles from nature and natural selection can be used to identify the ideal
design for certain criteria in a specific design domain [71]. Though this technique works on a
wide range of problems (including size and shape optimization) and does not require the use
of potentially complicated derivatives (which can be good for objectives that are not easily
quantified), it often requires more function evaluations (making it more computationally ex-
pensive) and is not necessarily convergent, even to local minima [152]. For a review of these
techniques, the reader is referred to [179].
To overcome some of the limitations present in the above techniques, topology optimiza-
tion is introduced. Topology optimization, shown in Figure 1.1(c), is a mathematical, usually
(but not always) gradient-based design tool which determines the location in a design domain
to place material based on the loads and boundary conditions for a specific objective (target
deflection, compliance, etc.). The feasible solutions can have any shape, size or connectivity.
In this technique, the finite element method (FEM) is applied by splitting a design domain
into several small pieces, known as finite elements. In a topology optimization solution, each
element is used to represent the conceptual design in the same fashion as a pixel of an image
by containing a density that is either solid (black) or void (white).
A new challenge associated with the use of topology optimization for structural engi-
neering, however, concerns the integration with the architectural components. There exist
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some environments where an architect will envision a building without any regard or sense
for engineering principles but can instruct the engineer to “make it work”, but in a more
collaborative environment, architects and engineers work together to envision and realize
incredible structures. One example of buildings requiring such close collaboration is super-
tall skyscrapers, such as the Burj Khalifa (Dubai, UAE). To enable such a collaboration,
Chapter 2 of this thesis proposes the use of topology optimization as a means to minimize
the material consumption in a structure for eﬃcient use of natural resources, while at the
same time providing a tool to generate design alternatives of benefit to both the engineer-
ing and architectural communities, where the architecture works closely with the structural
engineering. This tool can be an initial step towards the creation of eﬃcient designs and
provides an interactive rational process for a project where architects and engineers can more
eﬀectively incorporate each other’s ideas, rather than simply “making it work”. In such a
situation, the architecture might not “sacrifice” design for eﬃciency.
In the mechanical engineering industry, several manufacturing constraints have been de-
veloped in topology optimization for the design and usability of engineering products, includ-
ing minimum/maximum member or hole size, symmetry and pattern constraints, extrusion
and machining techniques, etc. [39, 75, 5, 6, 88, 205, 210, 189]; an example is the optimized
metallic actuator structures manufactured by electroplating nickel in a laser micromachined
silicon mold [89]. In civil engineering structures, however, final designs must be realized
using beams, columns, walls and diagonals, posing an additional challenge for topology op-
timization of high-rise buildings. Using traditional methodologies, resulting structures are
often formed with thick regions of solid material at the edges, which have unrealistically high
flexural stiﬀness, impeding the identification of the working points of the column to the diag-
onal intersections and resulting in an incomplete diagonalization of the lateral system. Thus,
the work presented in Chapter 3 of the thesis introduces a new framework in which discrete
(beam/truss) elements are added to the classical topology optimization problem to model
the columns of a building, alleviating these issues while still allowing the diagonal members
to form freely within the continuum domain. An additional question this new methodology
poses is how to size the columns properly to achieve the best topology optimization results.
One idea studied is to determine the cross-sectional areas based on the initial gravity and
lateral loads applied to the structure based on the initial geometry and tributary areas, but
several analytical studies were also conducted as part of this development which show the
optimal cross-sectional areas are achieved when the bracing system is at a state of constant
stress.
Traditional topology optimization techniques that are based on a single objective function
(i.e. minimum compliance, deflection) can be quite valuable in solving a variety of engineer-
ing problems, such as those named above, but in the context of buildings, it would be more
significant to optimize a structure for several engineering criteria together, such as minimum
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compliance, natural frequency or period, critical buckling load, and/or tip deflection. More-
over, in the high-rise design process it is important to evaluate and account for potential
geometric instabilities. These additional challenges are addressed in Chapter 4 of this thesis,
in which the high-rise building problem is solved using a linearized elastic buckling model
with the critical buckling load factor as the objective function. Multi-objective optimization
is also incorporated into the framework to simultaneously optimize the building for mini-
mum compliance and maximization of the critical buckling load, where the notion of Pareto
optimality [131, 12] is used to assess the optimality of the final designs, as it is rare that all
objective functions reach their optima simultaneously. The previously mentioned analytical
studies used to analyze the optimal cross-sectional areas for the framework, however, are
only valid under the assumption of constant stress present for compliance as the objective
function. Thus, the previous framework is extended to optimize the discrete members and
continuum elements simultaneously to further tailor the topology optimization problem to
high-rise buildings, forming a complete design process from the conceptual design to the final
sizing of the members.
Several benchmarks of optimal structures have been studied extensively by Chan [43],
Cox [47], Hemp [80], and Prager [137, 138, 140, 139]. For example, the optimal solution
to the Michell cantilever, which represents the high-rise building problem, was derived in
[80] for the case of discrete shear bracing. This provided an excellent benchmark for the
discrete/continuum studies of Chapter 3. Throughout the thesis, particular attention has
been paid to verify the development of these new techniques to deal with high-rises using
these existing benchmarks and developing analytical methodologies, such as those described
in Chapter 3 for single and multiple module braced frames. In particular, these analytical
approaches are important to establish new benchmarks based on the theoretical optimum to
see how far the numerical results are from the actual solution and evaluate the performance
of the resulting high-rise building designs.
However, to better understand the behavior of the theoretical optima to the classical
Michell solutions [119, 80], graphic statics can be employed. Graphic statics is especially
suited for this class of optimal problems as it provides all of the information needed to
determine the total load path of a structure in a graphical manner, allowing the engineer
and/or architect to gain valuable insight to the problem at hand. Moreover, using the
reciprocal form and force diagrams to analyze optimal structures, it can be shown that in the
course of finding one minimum load path structure, a second minimum load path structure is
also found; this is the focus of Chapter 6. Certain solutions have also remarkably been found
to be self-reciprocal, where the geometries of the reciprocal form and force diagrams are
exactly the same. These analytical studies parallel several of the numerical examples, such
as the shear bracing problem, derived throughout the thesis to verify the resulting topologies
from a diﬀerent perspective that is of benefit to the designer.
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1.2 Computational framework
In realistic 3D structural systems for high-rise buildings, often the finite element model is
comprised of hundreds of thousands, or even millions, of degrees of freedom resulting from
the assembly of all of its structural members, from beams and columns to walls and lateral
systems. In order to eﬃciently study and analyze such large-scale systems, there are several
potential avenues.
The majority of the numerical approaches in the literature focus on robust solvers to ef-
ficiently handle the unknowns associated with solving the finite element equation, Ku = p.
For example, a robust solver that has been shown to be advantageous in topology optimiza-
tion is the Krylov solver [193, 194]. This technique recycles the mathematical information
from previous iterations to significantly improve the rate of convergence. Another computa-
tional technique includes utilizing matrix factorization for the nested analysis equations in
topology optimization [11, 10]. The results of this approximate approach showed that the
computational cost could be reduced by one order of magnitude without any major eﬀects
on the optimization results. Borrvall and Petersson used parallel computing and domain
decomposition with preconditioned conjugate gradient algorithms to speed up the compu-
tational framework [34]. Adaptive mesh refinement (AMR) and derefinement has also been
studied to reduce the number of total number of elements such that fine elements are only
analyzed where and when needed [56, 171]. Additionally, another methodology for improving
the resolution of the solution is the multiresolution topology optimization scheme [124, 125],
which employs two separate meshes: a course mesh for the finite element representation and
a fine mesh for the design variables and element densities to give high-resolution designs
with minimal computational eﬀort.
The work in this thesis takes a diﬀerent approach to tackle the computational problem
by studying the computational expense associated with the data structure. Typical data
structures consist of element-node mesh representations with tables to store the node and
element information using the node incidence. While this data structure is seemingly sim-
ple and easy to implement, often it suﬀers in terms of eﬃciently providing the necessary
adjacency information required to solve several problems (e.g. fragmentation simulation, vi-
sualization techniques) [70, 145, 21, 199, 45]. The topological data structure (TopS) [41, 42]
instead contains a complete and compact data structure which utilizes a relatively small
amount of memory, while still providing the user with access to all topological entities.
With large models, such as those of high-rise buildings, the amount of data can require
extensive storage space if not carefully considered, often rendering these problems cost pro-
hibitive. Moreover, the access to each topological entity can be computationally intensive
and relatively complex making it diﬃcult for the user to edit or query the data eﬃciently.
Using a topological data structure is crucial in this work as with such a data structure, only
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the nodal and element arrays are stored explicitly (i.e. all other quantities are stored im-
plicitly and can be retrieved instantly) allowing for less memory to be used. Thus, the focus
of Chapter 5 of this thesis is the development of a finite element analysis system, referred
to as TopFEM, which utilizes the topological data structure, TopS [41, 42], for mesh rep-
resentation. This new framework was written in C++ to take advantage of the topological
data structure together with object-oriented programming concepts to handle a variety of
finite element problems. Furthermore, TopFEM was implemented in a way such that (i) the
data structure (TopS) stores only node and element data explicitly, with other topological
entries implicitly represented (i.e. they are only retrieved when needed) and (ii) expansion
of the program is straightforward, as in other frameworks that share similar ideas, such as
GetFEM++ [68], DealII [19], FEMOOP [110] and OpenSees [115, 117, 118, 116].
1.3 Thesis organization
The remainder of this thesis is organized as follows. In Chapter 2, we discuss the linkage
between engineering and architecture and highlight the advantages and limitations of struc-
tural topology optimization in the design process using several practical case studies. An
integrated discrete/continuum topology optimization framework is introduced in Chapter 3
for the design of lateral braced frames. The analytical aspects of the optimal geometry for
discrete braced frames are also studied using energy methods and the Principle of Virtual
Work (PVW) to understand the underlying structural behavior and provide a theoretical
benchmark to compare numerical results. The integrated discrete/continuum framework is
extended in Chapter 4 to incorporate the cross-sectional areas of the columns as part of
the optimization process. The new framework is demonstrated for the case of several ob-
jective functions, with emphasis on linearized buckling and multi-objective optimization. In
Chapter 5, the development of a new computational framework, which is based on a compact
topological data structure, is proposed and examples are given to demonstrate the robustness
of this framework. The resulting geometries of optimal structures are discussed in further
detail in Chapter 6 using the concepts of graphic statics and reciprocal diagrams to establish
benchmarks for the numerical examples presented throughout this thesis. These also pro-
vide valuable insight to the design problem, as all of the information needed to determine
the total load path, and in most cases the volume, are shown in a graphical sense. Finally,
Chapter 7 provides some concluding remarks and suggestions for extensions of this work.
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Chapter 2
Connecting Engineering and
Architecture Through Structural
Topology Optimization
One of the prevalent issues facing the construction industry in today’s world is the balance
between engineering and architecture: traditionally, the goal of the architect has focused
more on the aesthetics, or “form” of a structure, while the goal of the engineer has focused on
stability and eﬃciency, or its “function”. In this chapter, we discuss the importance of a close
collaboration between these disciplines, and oﬀer an alternative approach to generate new,
integrated design ideas by means of a tailored structural topology optimization framework,
which can potentially be of benefit to both the architectural and structural engineering
communities. Several practical case studies, from actual collaborative design projects, are
given to illustrate the successes and limitations of such techniques.
2.1 Introduction
Design professionals (such as architects and engineers) strive for a balance between diﬀerent
and sometimes conflicting goals for any particular project. Traditionally (at least in recent
tradition) we can perhaps generalize that the goal of the architect has been leaning towards
aesthetics and the goal of the engineer has been focused on stability and eﬃciency. In the
more distance past (say, in medieval times during which great cathedrals were being built)
the specialization of architecture and engineering that exists today did not.
In many instances, there is a chasm between the vision of the architect and the sensibility
of the engineer, between the aesthetics or appearance of a structure and its corresponding
skeleton. We can argue that the distinction is between form and function – the form being
the domain of the architect and the function of the engineer, but often the architect is
as much concerned with “function” as the engineer, perhaps in a very diﬀerent sense, and
the engineer is as concerned with “form” as the architect, but perhaps diﬀerently than the
architect.
The architect might speak of the building in ethereal terms and dealing with how people
may experience the building and the philosophy of the design. The engineer might speak
in more explicit and quantitative terms. They, of course, talk about the same building, yet
not they only have diﬀerent ways of describing it, but diﬀerent ideas about what it should
be. Since both architects and engineers are critical in the design of a building, the result
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can be (at worst) a compromise (neither the architect nor the engineer is completely happy)
or (ideally) a synergistic result (where both are happy and proud – and the result is a sum
even greater than the contributions of both participants).
Vitruvius, a Roman architect of the 1st century AD, wrote that a good building should
satisfy the three principles of durability, utility and beauty (firmitas, utilitas, venustas). A
building designed with aesthetics but without enough engineering to stand is unacceptable.
A building designed only to stand but without regard for how it will be used or how people
will respond to it is equally unacceptable.
Just as cathedrals “pushed the envelope” of design and technology, we are continuing
to stretch limits with what we are designing. Innovations in design tools and philosophies
about design, as well as innovations in fabrication and construction, are enabling designs
to be realized which recently would not have been able to be built. In some instances, an
architect is able to design something which would have been impossible to engineer before. In
an (unfortunate, we think) environment where an architect will envision a building without
any regard or sense for engineering principles but can instruct the engineer to “make it work”,
more things are now possible. In a more collaborative environment, architects and engineers
work together to envision and realize incredible structures. Super-tall skyscrapers are one
example of buildings requiring such close collaboration.
Architects and engineers specialize in their disciplines, and even people within a disci-
pline may specialize in a particular aspect of it. But, the process of design is extremely
collaborative from the very start of a project. This reduces the problem of going too far in
one design direction without considering several other aspects. Architects inspire engineers
and engineers inspire architects in all of our designs (even if it may be diﬃcult to pin-point
the origin of a particular idea, and even if some might be reluctant to admit it).
Historically, there are designers whose visions of aesthetics produce designs with very
strong structural sensibility and innovative ideas. Such buildings have influenced the fields
of architecture and engineering tremendously. Examples of these designers include: Antonio
Gaudi, who used physical models to calculate sophisticated structures; Buckminster Fuller,
whose philosophical ideas about holistic design, synergetics and geometry led to innovative
structures such as the geodesic dome; Felix Candela, creating thin-shell concrete structures
which are eﬃcient and beautiful; and others (refer to Figure 2.1).
On this note, we reflect on the innovative work of a well-known structural engineer,
Fazlur Khan, who was influenced by the collaboration with the architect, Bruce Graham,
which changed the idea of modern building architecture. Sabina Khan [92] described that
Bruce Graham “inspired Khan to strive for structural systems that were not only structurally
eﬃcient but also worthy of becoming the core idea on which architectural design could center”.
As a possible avenue to achieve balance between the form and function, this work strives
to introduce a new, modified topology optimization framework, specifically for the design
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Figure 2.1: Examples of structures by designers with strong and innovative engineering concepts:
(a) Antonio Gaudi [20], (b) Buckminster Fuller [198], (c) Felix Candela [197]
industry. Topology optimization can be used as a means to minimize the material consump-
tion in a structure, while at the same time providing a tool to generate design alternatives of
benefit to both the engineering and architectural communities, where the architecture works
closely with the structural engineering in these proposed designs. This tool can be an initial
step towards the creation of eﬃcient designs and provides an interactive rational process
for a project where architects and engineers can more eﬀectively incorporate each other’s
ideas, rather than simply “making it work”. In such a situation, the architecture might not
“sacrifice” design for eﬃciency. Furthermore, the question of whether function follows form
or vice-verse will no longer be of concern because through the use of structural topology
optimization, the architecture and engineering are integrated together.
2.2 Topology optimization for buildings and other structural
engineering applications
Though topology optimization has been used in other fields, with applications spanning
from mechanical to aerospace [166, 97, 40, 160, 201], the ideas presented throughout this
thesis attempt to transition the technology towards more applications in the civil engineering
industry.
In recent years, few attempts have been made to use optimization techniques for such
structural applications. The paper by [186] discusses techniques to improve the structural
behavior and resistance to bending moments in concrete shells. In [191], an approach is
introduced to eﬃciently group discrete frame members so that the optimal sizes produce a
structure with the least weight. Additionally, [192] optimized the shape of frame structures
by introducing criteria to minimize the maximum bending moment. Furthermore, in the
work of [73] an overview of a component-oriented design process for the multidisciplinary
design of buildings is described.
In regards to topology optimization, several approaches have been proposed. For exam-
ple, in [120] a framework was introduced using Reuss and Voigt constitutive mixing rules
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for the eﬀective stiﬀness for topology optimization of braced frames. The work of [122] tai-
lors the topology optimization problem for stability design, where the critical buckling load
serves at the objective function. Similarly, in [57] structural frames are studied with natural
frequency as the objective. A method combining sizing, shape, and topology optimization
was developed by [99] to design steel structures with web openings. Additionally, [106] and
[105] proposed a technique for the optimization of multi-story steel building frames using a
performance index as element removal criteria. More recently, the work by [4] discusses the
design and retrofitting of braced frame structures subject to dynamic loads. In this chap-
ter, topology optimization is taken one step further: it is employed to assist in the overall
layout optimization and creation of innovative designs for the entire design process from
architecture to engineering.
2.2.1 Selection of objective functions
In the design of any structure, it is important to select the right objective function to suit the
problem. Minimum compliance, or maximum stiﬀness, is one objective, which can be used
in its own merit and also as a surrogate to explore other metrics, such as natural frequencies,
eigenmodes, P     eﬀects, buckling and stability, interstory drift, etc., depending on the
problem being explored.
In the conceptual design phase of a high-rise building, the majority of concerns are usually
related to the overall stiﬀness/drift requirements under lateral loads [13]; therefore, many of
the decisions made during this process are related to defining the lateral system, or providing
stiﬀness/drift control. The minimization of compliance subjected to volume constraint is one
example where topology optimization can be explored and has been shown advantageous,
as demonstrated in the examples that follow. Other structural objective functions, such as
buckling or those listed above, may be too specialized for the initial design phase, but can
also provide valuable insight later on in the design process.
Through the selection of the objection function and other metrics that might fit the prob-
lem being studied, the engineer can then present the architect with a spectrum of solutions
based on these parametric studies. This selection process has been shown to provide new
ways to look at designs, which in turn inspires the overall design of the structure.
2.2.2 Necessity for layout and manufacturing constraints in building design
To ensure the topology optimization results, which often consist of non-practical material
layouts and components, are capable of being built, we discuss the need for additional con-
straints to the topology optimization problem. The following gives a summary of some of the
layout and manufacturing constraints we have incorporated, among many possible options,
into the topology optimization design problem.
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To eliminate undesirable results (i.e. those with very thin members, checkerboarding,
etc.), several sensitivity and density filters have been developed in the context of manu-
facturing constraints. [36] proposed a filtering technique by replacing point-wise element
densities with a regularized density field using a convolution operator. The work of [35] used
the idea of regularized density control to develop a density filter. Similarly, a density filter
was proposed by [168] by using morphology-based restriction schemes with a fixed-length
scale to eliminate the gray regions between solid and void elements. Sensitivity filters have
been studied extensively in [165, 167]. The interested reader can refer to the review paper
by [169] for further discussion on these techniques. Alternatively to filtering techniques,
constraint methods, such as perimeter control [7, 76] could also be imposed to alleviate
numerical instabilities and results of poor quality.
In the context of building design, a manufacturing constraint may be necessary on the
size of members used in a structure, for instance. In the case of steel structures, the min-
imum and maximum member sizes might be constrained in accordance with the available
shapes in the American Institute of Steel Construction (AISC) specifications [9]. Other prac-
tical limitations include “pick-weight” and other construction limitations. The work of [75]
and [74] demonstrated methods to limit the minimum and maximum member sizes using
projection techniques with a fixed-length scale. These techniques project the neighboring
design variables on the element densities which also eliminated mesh dependent solutions
(diﬀerence solutions for diﬀerent levels of mesh refinement) and numerical instabilities, such
as checkerboarding (alternating patches of solid and void material) in the results.
In addition, there may be the need to incorporate mechanical, electrical and plumbing
design constraints with the structural design, e.g. to allow for a hole to run a pipe through
a beam. In this case, a constraint on the size of the hole could be applied. For example, in
[5] the topology optimization problem is modified using an inverse projection technique to
control the size of such a void.
Patterns and symmetry constraints can provide an aesthetic advantage (as we address
later) in addition to reducing costs on the construction. For steel structures, these constraints
allow costly connection geometries to be reused throughout the height of a building, while
improving the quality control. On the other hand, concrete structures with patterns and
symmetry constraints allow formwork to be reused throughout to increase the eﬃciency of the
construction process. With constraints on panel sizes of the glass curtain walls, the necessity
for costly special glass shapes can be eliminated and panels can be reused throughout the
height. These techniques can be incorporated into the optimization by adding mapping
schemes for the design variables, such as the ones proposed by [6] or by [85] in the context
of evolutionary structural optimization (ESO) for periodic structures.
Under typical loading conditions, the columns of a building will be larger in size at the
base and smaller at the top. Pattern gradation constraints provide a means to smoothly
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transition the material layout design along the height of a structure. Moreover, at the top
of a building in diagrid structures, shear behavior dominates whereas the base is typically
controlled by the overturning moment giving rise to optimal bracing angles around 45  at the
top and more vertical near the base. This was studied in [173] through additional mapping
schemes and stress trajectories.
Other constraints for building components that could be incorporated into the structural
topology optimization problem include casting [72], extrusion [88, 205], and machining [210].
The methodology presented in [173] represents an initial attempt at identifying optimal
bracing angles. However, it presents some limitations, such as high concentrations of mate-
rial towards the edges of the domain, consistent with the flange vs. web behavior, described
in Section 4 of [173]. Such concentrations cause confusion in identifying the working point at
the column to the diagonal intersection. In addition, the columns created using a continuum
are so wide that they possess high flexural stiﬀness. In practice, this is not realistic because
the columns are narrower. Moreover, since the continuum topology optimization problem
has a constraint on the volume fraction and a large amount of material forms the column
members, a relatively low volume is available for the diagonals. As a result, there is an
“incomplete” diagonalization in the frame (i.e. missing diagonals at the base of the frame).
Thus, a methodology using a combination of discrete members and continuum quadrilat-
eral members to overcome this issue was introduced in [175]. The advantages of this new
technique illustrate a complete diagonalization along the height of the building, where each
diagonal is clearly identified as part of the proposed overall design process.
2.3 Topology optimization framework
Using topology optimization, a computational framework that can provide architects and
engineers with ample freedom to explore novel designs while still satisfying principles from
structural engineering and mechanics is introduced in this section. This software platform,
as described in [173], can be the basis for a tool that provides designs that identify with
both engineering and architectural communities, encouraging integrated designs. It also has
the theoretical capabilities (associated with topology optimization) to be used in other fields
such as automotive, aerospace structures, microelectromechanical systems (MEMS), etc.
2.3.1 Theoretical background
In topology optimization, we seek the optimal layout of material for a given design domain
in terms of an objective function. The generalized problem statement for the topology
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optimization problem can be written as follows:
min
d
f(d,u) (2.1)
s.t. gi(d,u) = 0 for i = 1, . . . , k
s.t. gi(d,u)  0 for i = k + 1, . . . , m
where d is the design field, u is the response, and they are related through the constraint
functions gi. A canonical example is the minimum compliance problem:
min
d
f(d,u) = pTu (2.2)
s.t. g1(d,u) = K(d)u  p
g2(d) = V (d)  V
where g1 represents the equilibrium constraint, while g2 is the constraint on the allowable
volume of material, V . The general framework described by Equation (2.1) can be used for
both gradient and non-gradient based optimization methods, where the response u could be
natural frequency, stress levels, ductility, eigenmodes, P    eﬀects, and so on.
By means of relaxation, the well known ill-posedness of the topology optimization prob-
lem, or lack of a solution in the continuum setting [93, 94, 95, 136], can be overcome. Thus,
a continuous variation of density in the range [0, 1] is applied rather than restricting each
density to an integer value of 0 or 1 guaranteeing the existence of a solution in this setting.
To avoid singularities in the global stiﬀness matrix, K(d), a small parameter greater than
zero, dmin, is specified.
The Solid Isotropic Material with Penalization (SIMP) [206, 154, 26, 28] model is com-
monly used to solve topology optimization problems. In this formulation, the stiﬀness and
element density are related through a power-law relation of the form:
E(x) = Emin + d(x)
p (E0   Emin) (2.3)
where E0 is the Young’s modulus of the solid phase of material and p is a penalization
parameter to eliminate intermediate densities with p   1. The SIMP model ensures that
material properties continuously depend on the material density at each point. The penal-
ization parameter, p, forces the material density towards 0 or 1 (void or solid respectively) by
penalizing regions of intermediate densities (gray zones) where d assumes values in the range
of 0 to 1. Additionally, by using continuation, the penalization parameter, p, is increased
over the range of 1 to 4 in increments of 0.5 until convergence at each value is achieved. This
technique further penalizes the intermediate densities throughout the process.
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Integrated Design Using Topology Optimization
Figure 2.2: Optimized building illustrating the concept of integrated design
2.3.2 Work flow
While this topology optimization framework is based on engineering theory, it has advantages
for both engineers and architects. From the engineering standpoint, a finite element analysis
of the structure is performed during each iteration to ensure the design is structurally sound.
On the other hand, it also includes the rendering capabilities of final results for architects
to use in generating ideas for potential designs. The optimization is done by the engineers
in Matlab R ; the result is interpreted and transferred to CAD or rendering software through
input/output (text) files.
Though topology optimization results are guided by engineering judgment, several options
can be changed in the structural context to explore diﬀerent outcomes. For example, a
diﬀerent design space or various combinations of loads and boundary conditions can be
explored. Then, this message is conveyed to the architect via an interpretation or rendering
of the topology optimization results by the structural engineer into a frame representing
the gravity and/or lateral system of the structure. These variations can be used to give
architects several logical options, from which they can choose the most aesthetically pleasing
or applicable design. The architects can then integrate the structural components with
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other building components (mechanical, electrical, façade, plumbing, glass work, cladding,
elevators, etc.).
In some cases the structural system of a project is evident and expressed, in others
the structural system is covered with the façade. In the first case, the structure is the
architecture, such as the cases of a bridge, viaduct, long span road structure or some high-rise
buildings (John Hancock Center, London’s Broadgate Exchange House). These structures
emphasize pure engineering to satisfy structural principles, while the second category uses
the architecture or external features of the building to cover the engineering components
rather than incorporating them into the design.
The intent of topology optimization is to enable architects and engineers to work together
to express the structure together with the architecture. For example, in the design of a
building, the criteria of the structural engineer may focus on the tip deflection limits, the
lateral load resisting systems (braced frames or concrete core), the sizing and placement
of the structural members (i.e. beam and columns) and the ability to simplify the design
by using symmetry and patterns, among others. On the other hand, the architect may
consider a diﬀerent range of criteria regarding the aesthetics of the building, such as the
value of views, cladding (e.g. glass facade), incorporation of landscaping (green areas),
symmetrical appearance and patterns. An example of an integrated design is shown in Figure
2.2, where topology optimization was explored as a means to incorporate the structural
criteria. Incorporation of the architectural criteria might be further implemented through a
variety of approaches [77].
2.4 Case studies
In this section, key concepts and case studies are presented to provide the reader with
several examples of the advantages and limitations of the proposed framework for design
projects. The case studies employ the aforementioned concepts and integrate them within
an interdisciplinary framework.
2.4.1 Design and parametric modeling
In the topology optimization problem, it is diﬃcult to incorporate beauty or aesthetic value
(which are both quite subjective) into the objective function as these concepts are not easily
quantifiable. In order to address these concerns, parametric modeling might be used. Para-
metric modeling is a key concept in modern design, as it is very commonly used to provide
architects and engineers with a common ground to communicate and exchange ideas. Varia-
tions on the parameters produce variations on the design, which provides the architect with
numerous choices, from which the “most beautiful”, or the one with the highest aesthetic
appeal can be selected.
15
Figure 2.3: Parametric studies for the design for the spire for World Trade Center Tower One
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Figure 2.4: Renderings of the parametric model for the conceptual design of the World Trade Center
Tower One, NY (courtesy of SOM)
World Trade Center Tower One Spire
As an example, in the design of the World Trade Center Tower One (SOM), the spire con-
taining broadcasting equipment was designed in a process using a flexible parametric model,
as shown in Figure 2.3. The design was the result of a close collaboration between engineers
and architects. The parametric model allowed the designers to explore and analyze varia-
tions considering size (spire diameter at diﬀerent elevations and overall height), proportion
(ratio between the height and maximum diameter), number of panels, perforation patterns
and structural soundness. In addition to the spire, the structural diagrid system for the
tower itself was designed according to the parametric model illustrated in Figure 2.4.
Bridges connecting building towers
A parametric approach similar to that used for the World Trade Center was adapted to our
framework for the design of the Zendai competition (China). The aim was to create a unique
and innovative design for the upper “bridge” structure spanning between several towers [3].
This space was approximated as a beam, discretized with several four node quadrilateral
(Q4) elements. The gravity load on the mesh was applied as a series of equal point loads at
nodal locations. The mesh was constrained with pin supports at the nodes corresponding
to the locations where the towers would support the “bridge”. At the first stage in the
design process, a parametric study was performed to present the architects with several
feasible options for the design, using diﬀerent combinations of layout constraints (variations
on symmetry, patterns, minimum member size, etc.). As an example, for the design shown
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(a)
(b)
(c)
Figure 2.5: Illustration of the concept design for the structural system of the Zendai competition:
(a) topology optimization results with pattern constraints, (b) discretized structure as interpreted
by engineers, (c) Warren truss
in Figure 2.5, each section of the design space between supports of the beam was constrained
to have a similar pattern, a technique known as pattern gradation. This result proved quite
similar to a Warren truss, which was deemed too common and ordinary from an architectural
standpoint.
The design that was later selected by the architects was the alternative which was pro-
duced using topology optimization without any layout constraints (illustrating the iterative
design process). The new design (shown in Figure 2.6), shared some elements of “biomimetic
architecture”, which was thus deemed more exciting and organic from an aesthetic point of
view, hence it was embraced in the project. The final images of architectural physical model
of the project are following in Figure 2.7. The results show that the left-most and right-most
supports give way to the development of a bounded Michell-like truss.
2.4.2 High-rise buildings
Several examples of the application of topology optimization for the conceptual design of
the bracing systems or skin of high-rise building structures are given in Figures 2.8 through
2.11. Together they emphasize a variety of design and analysis considerations.
It should be noted that in the topology optimization results that follow, the minimum
member size parameter was selected to be rather large, resulting in framed tube structures
(for example, the John Hancock Center), which are eﬃcient for both lateral and gravity
loadings [161]. If one were to decrease the parameter and refine the mesh significantly,
lattice trussed tubes, or diagrid-like structures, might emerge. However, such approach
may introduce an elaborate treatment of the length scales in the problem (e.g. discrete
verses continuum). Typical diagrid structures are composed of many closely spaced diagonal
members and no vertical columns. While such designs are eﬃcient in resisting lateral wind
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(h)
Figure 2.6: Topology optimization for design of the upper “beam” spanning several towers for the
Zendai competition: Iteration (a) 0, (b) 1, (c) 10, (d) 15, (e) 20, (f) 40, (g) 100 (final design). (h)
Resulting engineering interpretation
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Figure 2.7: Picture of the physical model for the concept design of the Zendai competition using
topology optimization results (courtesy of SOM)
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Figure 2.8: Illustration for the concept design of a 288m tall high-rise in Australia, which shows the
engineering and architecture expressed together: (a) problem statement, (b) results of the topology
optimization, (c) renderings of the design (courtesy of SOM)
loads, they are much less eﬃcient under gravity loadings [161]. They can also be more
diﬃcult to design and construct due to the large number of connections.
A 288m tall building
Figure 2.8 shows the conceptual design for a 288m tall high-rise building in Australia that
was inspired by the topology optimization of the bracing system. The topology optimization
was performed using a combined element technique [175], which is described in more detail
in the next chapter, where the behavior is modeled using both 2D continuum (Q4) elements
and beam/column elements. The final results show a bracing system in which the densities
increase as the load increases throughout the height of the structure where the patterns
emerge naturally (i.e. no layout constraints were applied in this study), which provide some
aesthetic value to the design.
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(a) (b) (c) (d) (e)
Figure 2.9: Illustration of the concept design for the Z3 competition in Shanghai, China: (a), (b)
renderings of the elevations of the building in context to surroundings (courtesy of SOM), (c) finite
element mesh, (d), (e) results of the topology optimization
A 580m tall building
In Figure 2.9, topology optimization with pattern constraints was used for a competition
entry for a 580m tall high-rise building in Shanghai, China. The building is triangular in
plan; each side of the triangle is convex and is linearly tapered from the bottom to the
top. The mesh was constructed using 28,800 eight node brick elements (B8) with the same
tapering. Additionally, the base of the structure was fixed and a lateral wind load was
applied to the building in the form of point loads at the top. The constraints imposed here
include three-way symmetry with pattern gradation. The resulting bracing system is similar
to the principle stress trajectories of the structure subject to the wind load, which were used
to create the original design. For a more in-depth discussion of this technique, the reader
can refer to reference [173].
An 84-story mixed-use building
Next, a competition entry for an 84-story mixed-use building in Wuhan, China has been
analyzed. Similarly to the previous example, the building in plan is triangular with convex
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Figure 2.10: Illustration of the concept design for the Wuhan competition: (a) architectural render-
ing of the final design (courtesy of SOM), (b) finite element mesh, (c), (d) topology optimization
results
sides, however, it is not tapered along its height. An additional challenge from a meshing
standpoint is a progressively increasing circular arc cut out from the sides from the base
to the top of the building. This building was meshed with 9,000 B8 elements. The loads
and boundary conditions are the same as the previous example. The constraints include
three-way symmetry, but no pattern gradation due to the uniqueness of the geometry on
the surface. The architectural renderings are shown together with the topology optimization
results in Figure 2.10. Similar to the previous example, the structural bracing system in
the competition entry was inspired by the principle stress trajectories under wind load for a
high-rise.
Conceptual design of the Lotte Tower
The design of the Lotte Tower in Seoul (see Figure 2.11) used an exterior diagrid structure
transformed in shape from a square at the base to a circle at the top and represented another
close collaboration between engineers and architects similar to the one for the World Trade
Center Tower One. The focus of the original design was on maximizing the stiﬀness based
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Figure 2.11: Illustration of the concept design for Lotte Tower: (top left and center) renderings of
the final design, (top, right) topology optimization result [173] and (bottom) parametric studies.
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on the variation of the ratio of the shear and moment. A technique based on Lagrange
Multipliers and virtual work was used to write an equation for the diagrid, which was iterated
to find the the angles. After the tower design was completed, the building was revisited using
topology optimization with pattern constraints (top, right of Figure 2.11). The mesh for the
optimization was created with 12,800 B8 elements. Loading and boundary conditions were
similar to the previous examples.
The resulting topology optimization design emphasizes the concept of principle stress
trajectories of the structure, which are traced in a cascading pattern in the renderings of
the competition entry. The fundamentals behind the structural engineering are evident in
the respect that the column sizes in all the examples increase from the top to the base due
to gravity loads and the diagonals of the cross braces show larger angles at the base of the
structure than at the top due to the moment-shear interaction. These designs also illustrate
the engineering and the architecture expressed together in the outer skin of the structure.
2.4.3 Geometrical/architectural patterns for design
Geometry is one aspect of design which straddles both architecture and engineering. (Indeed
geometry can be found to relate to many fields, from art to music and dance, and is as
prevalent in natural and human creations.) Patterns, as implemented in our framework, are
one expression of geometry in a language which can be appreciated and used as a tool by
both architects who are conveying in the design an aesthetic and abstract idea and engineers
who are optimizing and stabilizing the design.
Part of the excitement in collaborations among architects and engineers (who, it some-
times seems, speak in diﬀerent languages) is when they try to explain their points-of-view
to each other. In this sense, one viewpoint is that architects work in an abstract language,
and engineers in a more concrete language. On the other end, another viewpoint is that
architects deal with space and materials that will be directly experienced in the building,
and engineers deal with entities, like stress and strain, that cannot be seen. When these
abstract structural concepts are visualized (often to explain to the architect a concept or
analysis result that could be conveyed to another engineer with some words or mathematical
expression), interesting possibilities arise. Stress patterns (sometimes these are incredibly
beautiful) become architectural design ideas. These design ideas may satisfy the engineering
requirements for the building.
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Figure 2.12: “Creation of a star” (as designed by structural engineers for a holiday card (left)) and
variation on the original design (right)
Exploring Voronoi Diagrams
Recently, the educational software “PolyMesher” [184] (general purpose polygonal mesh gen-
erator) and “PolyTop” [185] (general topology optimization framework) were used to design
a holiday card (see Figure 2.12). The software uses the concept of Voronoi diagrams and
polygonal finite elements to generate novel designs, illustrating how an engineering frame-
work can also be used to create works of art. Thus by providing engineers and/or architects
in the industry with such a tool, a new area of design might emerge based on geometrical
architectural patterns.
Voronoi diagrams, in addition to their use as an alternative for standard finite element
meshes in topology optimization, can also be used as a concept in other areas of architec-
tural design as well. The images show in Figure 2.13 illustrate an elevation pattern for a
competition for a tower in Tianjin, China. While visually interesting (although aesthetics
can always be argued), there are more objective properties that we can identify, and perhaps
these are the same properties that make them useful in analysis.
There is a continuity of edges and vertices. While not a triangulated structure, an edge
will always terminate with two other edges. We also have some control of the distribution of
edges/members in structures modeled this way. Notice, for example, in the image showing
the full tower, “cells” closer to the bottom of the tower are smaller than cells near the top of
the tower. While the initial sets of points which generated the Voronoi diagram is random,
we can control the distribution to create this property.
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Figure 2.13: The concept of Voronoi diagrams used in architectural design for a tower in Tianjin,
China
2.5 Conclusions
In this chapter, the proposed topology optimization framework can be used as an approach
that might lead to a better integration of engineering and architecture in the design of
buildings. This framework eliminates the question of whether form follows function or vice
versa, and resulting designs embrace the structural engineering together with the architecture
to create innovative aesthetically pleasing structures with evident structural engineering
components.
To conclude this work, we reflect on the views of Fazlur Khan on the integration of
engineering and architecture: The language of mathematics and rational engineering, Khan
maintained, could not give form to architecture of substantive quality on its own, no more
than could ungrounded aesthetic inclination. Rather, by conjoining creative energies and
diﬀerent perspectives, better innovative and responsive design solutions could be developed
than either architect or engineer might conceive in isolation. [92] This quote illustrates
the advantages that a multidisciplinary tool, such as the topology optimization framework
proposed here, can present to the design industry.
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Chapter 3
Topology Optimization for Braced
Frames: Combining Continuum and
Discrete Elements
As an extension to the topology optimization framework introduced in the previous chapter,
an integrated topology optimization technique is proposed in this chapter as a means to
further link architecture and structural engineering. This integrated framework concurrently
uses both continuum four-node quadrilateral finite elements and discrete two-node beam
elements to design structural braced frames that are part of the lateral system of a high-
rise building. Using energy methods, in conjunction with The Principle of Virtual Work
(PVW), the analytical aspects of the optimal geometry for discrete braced frames are also
explored to understand the underlying mechanical phenomena and provide a theoretical
benchmark to compare numerical results. Then, the influence of the initial assumptions for
the interaction between the quadrilaterals and the frame members are discussed. Finally,
numerical examples are given to illustrate this technique on high-rise building structures.
3.1 Introduction
Topology optimization has been, in recent years, progressively embraced for structural en-
gineering applications. Examples are the multi-story building design or long span bridge
design applications presented in [173, 4, 122, 86]. Despite a variety of applications within
the civil engineering field, the focus of this methodology is towards high-rise buildings, where
engineers are faced with the challenge of identifying the optimal topology of the lateral brac-
ing system that minimizes material usage and corresponding cost. Therefore, the scope of
this chapter is to introduce a methodology using topology optimization for isotropic, homo-
geneous material that enables engineers to develop the lateral system from the conceptual
optimal bracing angles to the final sizing of the members.
The methodology presented in [173] represents an initial attempt at identifying optimal
bracing angles. However, it presents some limitations as illustrated in the problem of Figure
3.1, which shows a schematic for a high-rise building subject to wind loading. The previous
work (see Figure 3.1(b)) was limited due to high concentrations of material towards the
edges of the domain, consistent with the flange versus web behavior, described in Section 4
of [173]. Such concentrations impede the identification of the working points of the column
to the diagonal intersections. In addition, the columns are so wide that they possess high
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Figure 3.1: Comparison of existing topology optimization techniques with technique proposed in this
work considering the same total volume of material: (a) problem statement for continuum approach,
(b) topology optimization result using quadrilateral elements, (c) problem statement for combined
approach, (d) topology optimization result with quadrilateral and discrete “column” elements
flexural stiﬀness. In practice, this is not realistic because the columns are relatively narrow
compared to the width of the building. Moreover, since the continuum topology optimization
problem has a constraint on the volume fraction and a large amount of material forms the
column members, a relatively low volume is available for the diagonals. As a result, there is
an incomplete diagonalization in the frame (i.e. missing diagonals at the base of the frame).
Thus, one would have to introduce an additional constraint to distribute material between
the columns and the diagonals to prevent concentrations at the edges.
This methodology introduces a combination of discrete members and continuum quadri-
lateral members to overcome the aforementioned issues. Using the same total volume of
material as Figure 3.1(b), six discrete (truss) members are added to model each column in
Figure 3.1(c-d). As a result, the concentration of material at the edges is eliminated, and a
complete diagonalization with clear working points emerges.
3.1.1 Motivation for braced structural systems
Braced frame and moment frame structural systems are commonly deployed in the lateral
design of high-rise buildings. Braced frames have been used in several noteworthy buildings
like the John Hancock Center (Chicago, IL), Broadgate Tower (London, UK) and Bank of
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(a) (b) (c)
Figure 3.2: Existing buildings featuring remarkable braced frame systems: (a) John Hancock Center
in Chicago, IL, (b) Broadgate Tower in London, UK, (c) Bank of China Tower in Hong Kong [175]
China Tower (Hong Kong), as shown in Figure 3.2. The design of such systems is traditionally
based on diagonal braces arranged according to a 45  or 60  angle and variations in-between
these two angles. However, there have been few engineering studies in the literature to
identify the optimal bracing angles and the parameters aﬀecting such angles, especially using
topology optimization techniques [83]. The scope of this chapter consists of exploring optimal
bracing layouts to maximize structural performance while minimizing material. Various
measures of structural performance could include tip displacement, frequency, compliance,
critical buckling load, etc. The examples included here focus on minimizing the compliance
and relating this quantity to building behavior and design.
The utilization of the optimization techniques described in this chapter in the initial
conceptual phase of design informs engineers of the most eﬃcient layout of material. Design
decisions on the topology of the lateral system can therefore be streamlined with savings in
material costs and minimization of impact on natural resources.
3.1.2 On existing frame optimization techniques
Currently, structural engineering optimization techniques can be classified into two distinct
categories: discrete member optimization using beam or truss elements [140, 139, 119, 25,
114] and continuum methods [27, 26, 29].
Within the class of discrete member techniques for structural systems, [182] proposed a
method for frame elements where the design variables consist of the cross-sectional properties,
including principle direction of the second moment of inertia. [69] used a joint penalty and
material selection approach with flexible joints. [90] employed the ideas of graph theory to
determine the member connectivity between the supports and load paths for bracing systems.
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[192] optimized frame structures using the maximum bending moment as the design criteria.
On the other hand, in [29] several examples are given for the continuum topology opti-
mization problem where “beams” are added by creating a long row of solid elements across
the design domain, as in the case of a two-dimensional bridge where the solid area represents
the deck. Similarly,[4] proposed a technique using continuum elements to determine the
optimal bracing system for dynamic response in designing or retrofitting structures. In that
method, the floor levels were modeled as solid rigid elements.
Another technique, explored in the work of [122], tailors the topology optimization design
framework for stability problems. In such formulation, the objective function is the critical
buckling load, rather than minimum compliance. The paper by [122] considers the design
of a portal frame and a five-story frame, similar to the examples presented in this work.
However, this previous approach models the structural frames with solid quadrilateral (Q9)
elements, instead of discrete (beam) elements, as presented in what follows. Furthermore,
structural frame studies were presented with a specific natural frequency as the objective in
the work of [57].
While each of the aforementioned techniques in the literature is valuable in itself, better
structural engineering tools may be developed by combining such ideas. Several attempts
have been made at proposing an integrated structural optimization framework. For instance,
Liang’s technique [105, 106] uses a performance index based on strain energy density for the
optimization of multistory steel building frameworks. An existing frame is modeled of dis-
crete steel elements with an underlying continuum mesh of quadrilaterals, which are removed
based on the lowest performance indices.[120] uses Reuss and Voigt mixing rules for eﬀective
stiﬀness with topology optimization to design bracing systems. Beam elements are used
to model an unbraced system and continuum elements model the bracing layout. In [99]
optimization has been taken a step further into the structural engineering industry by com-
bining sizing, shape and topology optimization to design three-dimensional steel structures
with web openings in compliance with modern design codes. Size optimization was used
to determine the cross-sectional area of the beams and columns, while shape and topol-
ogy optimization was implemented for the number and size of web openings. Here, we use
a topology optimization approach with SIMP (Solid Isotropic Material with Penalization)
where beam elements are included in the finite element analysis portion to achieve more
meaningful bracing layouts. These layouts are derived analytically to verify the numerical
results as well.
3.2 A sizing technique for frame optimization
In this section, energy methods and the PVW are explored to compliment the methodology
for topology optimization of structural braced frames by introducing a sizing technique for
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the final beam, column and bracing members.
3.2.1 Applying energy methods to size braced frames
[13] derived a method to calculate the optimal cross-sectional area for a statically determinate
frame to limit the tip displacement of a building under wind load to a target deflection,  ,
by combining the PVW and the Lagrangian multiplier method. This methodology is based
on the assumption that given a frame with axial forces due to a lateral load (e.g. wind
load), Fi, length of members, Li, and cross-sectional area, Ai, the target deflection can be
achieved through strategic sizing of the cross-sectional areas. In this procedure, two load
cases are analyzed: the real (wind) load case to calculate the strains and displacements
(Figure 3.3 left), and the virtual (unit) load case to calculate the stresses and forces (Figure
3.3 right). Using the PVW, the work done by the virtual (unit) system for the displacement
and deformation of the real (wind load) system can be written as follows:
  · 1 =
X
i
⇢ˆ Li
0
f✏dx
 
=
X
i
⇢ˆ
f
F
EA
dx
 
=
X
i
✓
FfL
EA
◆
(3.1)
where ✏ = F/ (EA) represents the strain in the real system, and f is the internal force of a
member in the virtual (unit) system. Thus, the virtual work yields the following expression:
  =
X
i
✓
FfL
EA
◆
i
(3.2)
Combining the PVW with the Lagrangian multiplier method, one obtains
  =
X
i
FifiLi
EiAi
+  
 X
j
AjLj   V
!
(3.3)
where   is the Lagrange multiplier, Ai is the unknown cross-sectional area of a member
and
⇣P
j AjLj   V
⌘
is a constraint on the volume V of material. We note that additional
constraints could be introduced using additional Lagrange multipliers.
By diﬀerentiating the above expression with respect to Ai and performing several numer-
ical manipulations, the optimal cross-sectional area of a member for the target deflection,
 req, is determined from
(Ai)req =
1
 reqE
(Fifi)
0.5
"X
j
Lj (Fjfj)
0.5
#
(3.4)
The above expression provides optimal cross-sectional areas for a statically determinate
braced frame. As shown in [13], expressions similar to Equation (3.4) can be derived for
moments, shear and torque. Therefore, this sizing technique can be extended to moment
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Figure 3.3: Illustration of the PVW: real (wind) load case (left) and virtual (unit) load case (right)
frames provided that the moment of inertia, I, of the member is a linear function of the area,
A, in the form I = kA, where k is a proportionality constant.
3.2.2 Overall design process
The optimization techniques described previously help streamline the design decisions at
various stages of a project from the conceptual characterization of a braced frame layout
to the final sizing of the members. For example, once the overall shape of the building is
known, the optimal bracing layout could be established assuming that frame columns are
arranged at its outer perimeter at a regular spacing to ensure that the tributary areas for the
columns are similar. Beams and columns would then be modeled using beam elements while
the space bounded by two columns and two beams would be meshed using quadrilateral
elements. After the finite element mesh is completed the following steps can be applied in
sequence in the design flow process (Figure 3.4):
• size vertical line elements (columns) according to gravity load combinations (accounting
for dead, superimposed dead and live loads);
• run topology optimization on the quadrilateral elements for lateral load combinations
(accounting for wind and seismic loads);
• identify the optimal bracing layout based on the previous step and create a frame model
consisting of beam elements;
• optimize the member sizes using the virtual work methodology
• edit geometry and repeat (if necessary)
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system for gravity loads
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Use topology optimization
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conceptual bracing system
Size final members
using energy methods
Check convergence
Figure 3.4: Schematic for the overall optimization process of a braced frame
The above steps indicate a potential path from a conceptual design to the final sizing of a
braced frame. However, each optimization step could be applied independently depending
upon the specific need of the engineer. Notice that the distribution of loads shifts in the
frame throughout the optimization process due to re-sizing of the members. Therefore, the
designer may want to go back and edit the layout of the columns or geometry if the results
are unsatisfactory. Thus, the process might be iterative after the geometry is edited until
convergence is achieved or the requirements of the designer are satisfied.
3.3 Optimal braced frames - analytical aspects
Important analytical aspects of optimal braced frames are explored in this section to establish
a benchmark for comparison of the numerical results later presented in this chapter.
3.3.1 Fully stressed design and optimal frames
The energy-based design method presented in [13] and described in the previous section
implies that any frame with optimal cross-sectional members subject to a point load at
the top is under a state of constant stress (Fully Stressed Design) as demonstrated in the
following derivation (see also [174]). By taking the derivative of Eq. (3.3) with respect to
the areas Ai and solving for the Lagrangian multiplier, we obtain:
  =
Fifi
EA2i
(3.5)
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Considering a linear analysis, for the case of a point load at the top of the frame fi = k · Fi
where k is a proportionality constant, the following expression holds:
  =
✓
Fi
Ai
◆2 k
E
= const (3.6)
In the above expression the Lagrangian multiplier is a constant, therefore the stress in the
ith member,  i = Fi/Ai, is constant. The latter conclusion applies to any member i of the
frame, thus the stress level is constant throughout the structure.
In the context of the statically determinate braced frame systems considered in this
chapter, the equivalence between a constant state of stress and minimum compliance is
generalized from the single point load described above to multiple point loads Pi applied to
the frame. Assuming that the displacements at each point of load application are ui, the
compliance can be expressed as:
Wext =
X
i
Piui =
X
j
F 2j Lj
EAj
= Wint (3.7)
where Wext and Wint are the work done by the external and internal forces respectively. By
introducing the Lagrangian multiplier constraint on the areas of the members,
Wext =
X
j
F 2j Lj
EAj
+  
 X
j
AjLj   V
!
(3.8)
In order to minimize the compliance of the system with various member sizes, the right
hand side of this equation is diﬀerentiated with respect to the areas Ai and solved for the
Lagrangian multiplier   to obtain the following:
  =
✓
Fi
Ai
◆2 1
E
= const (3.9)
The above result is similar to Eq. (3.6) and confirms that, in the present context, minimum
compliance leads to constant stresses. In general, for the compliance minimization problem,
a state of constant strain energy density represents the condition of optimality [29]. Since
the strain energy density is related to the Von Mises stress [81, 107], the eﬀective stresses in
optimal structures are constant. Additionally, for the case of a single point load, minimum tip
displacement coincides with minimum compliance. The constant stress condition is verified
later for the continuum approach in Section 3.5.4.
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Figure 3.5: Geometry and notation for the single module frame optimization problem with even
number of diagonals
3.3.2 Optimal single module bracing
Using the ideas from the previous section, we study the optimal geometry of the braced
frame shown in Figure 3.5, where the overall height of the frame is given as H, the total
width as 2B, and the height of the bracing intersection point as z. Notice that the problem
in Figure 3.5(left) is simplified into the problem in Figure 3.5(right) by taking advantage of
symmetry. Letting the height of the bracing point, z, be the design variable, we are looking
for the optimal location that minimizes the deflection at the top of the structure using the
PVW.
The frame shown in Figure 3.5 is statically determinate, so by applying a unit load at
the location of unknown deflection,  , the internal forces of the members can be solved for
as follows:
f1 =
H   z
B
f2 =
p
B2 + z2
B
f3 =
 
q
B2 + (H   z)2
B
Note that the forces in the frame induced by a wind load P applied at the same location
as the unit load would simply be Fi = Pfi. Now, using Equation (3.2) and assuming each
member to have a constant stress,   = Fi/Ai, the tip deflection is
  =
Fi
EAi
X
i
fiLi =
 B
E
X
i
fiLi
B
(3.10)
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The tip deflection of the frame is minimal when the following relationship holds:
@ 
@z
=
 B
E
@
@z
 X
i
fiLi
B
!
= 0
=
 B
E
@
@z
 
H
✓
H   z
B2
◆
+
B2 + z2
B2
+
B2 + (H   z)2
B2
!
= 0
=
 B
E
✓
 H
B
+
2z
B
  2 (H   z)
B
◆
= 0
Thus, the brace work point height for minimal deflection is
z =
3
4
H (3.11)
This result is not surprising if we consider the problem in Figure 3.6(top). In this problem, a
point load representing the wind (lateral) force acting on the frame is applied at the top left
corner and symmetry is enforced. The topology optimization of the continuum mesh does
not lead to a simple 45  bracing angle due to the interaction of shear and axial forces in a
similar fashion to the one described in Section 4 of [173]. The 45  bracing angle would be the
outcome of a pure shear problem as shown in Figure 3.6(bottom). However, the cantilever
problem (used to model a high-rise) is never pure shear because the overturning moment
PH does not appear in a pure shear problem. Therefore, the topology optimization results
in a “high-waisted” cross bracing. The actual location of the intersection point of the braces
at 75% of the height H as shown in Eq.(3.11) is confirmed in Figure 3.6 (top right)).
This result has been further confirmed by running a simple Matlab code for discrete
members as shown in Figure 3.7. In the Matlab code, the intersection of the bracing was
constrained to move along the centerline of the module due to symmetry, the height ratio,
z/H, was varied from 0.5 to 1 (z being the distance of the brace work point from the base)
and the corresponding tip deflection was calculated (see Figure 3.7(b)). The optimal z/H
ratio (i.e. the one that minimizes the deflection at the top of the frame) is shown to be
0.75H in Figure 3.7(b). The results here are contingent upon the assumption of constant
stresses in the discrete members, which was demonstrated in the previous section.
3.3.3 Optimal multiple modules bracing for point load
The analysis conducted for a single module braced frame can be extended to a frame with
multiple modules along the height and a single load applied at the top by observing the
relationships between the geometry of the frames and the forces in its members as described
by Figures 3.5 and3.8. The forces fi in the diagonal members due to a unit point load at
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the top are (Figure 3.5(right) and Figure 3.8(right)):
fi =
Li
B
(3.12)
while the forces in the columns are given by
fi =
(H   zi)
B
(3.13)
where (H   zi) indicates the moment arm of the unit force in the module under consideration
(see Figures 3.5(right) and 3.8(right)). According to Equation (3.12), the forces in the braces
are dependent upon the length of the members and, in turn, are a function of the coordinates
of the nodal elevations zi. Combining Equation (3.10) with Equations (3.12) and (3.13), the
displacement at the top of the frame is
  =
 B
E
X
i
fiLi
B
=
 B
E
"X
i
✓
L2i
B2
◆
braces
+
X
j
✓
(H   zj)Lj
B2
◆
columns
# (3.14)
This expression is only a function of the nodal elevations zi. Therefore, the frame of minimal
tip deflection is obtained by taking the partial derivatives of the above function with respect
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to the elevations zi. For the frame in Figure 3.8, as an example, the displacement is
  =
 B
E
"X
i
✓
L2i
B2
◆
braces
+
X
j
✓
(H   zj)Lj
B2
◆
columns
#
=
 B
E
"
(H   z2)2 +B2
B2
+
(z2   z1)2 +B2
B2
+
z21 +B
2
B2
+
(H   z1) z2
B2
# (3.15)
The frame with minimal top displacement is defined by the following equations:
@ 
@z1
= 0)  3z2 + 4z1 = 0
@ 
@z2
= 0)  H + 4z2   3z1 = 0
(3.16)
Therefore,
z1 =
3
4
z2, z2 =
4
7
H
We observe that in the above equations the brace work point z1 is still located at 75% of
the height of the module z2, similarly to the example described in Figure 3.5. In addition,
the top brace is parallel to the lower one, which hints to the presence of a pattern in the
optimal solution.
3.3.4 Application to high-rise building patterns
The equations for the optimal work point elevations in a frame can be generalized to the case
of the nth module of such a frame (see Figure 3.9 for notation), where the top displacement
of the frame can be expressed in terms of the dimensionless quantity, E /( B), as follows:
E 
 B
=
NX
n=1
(z2n   z2n 1)2 +B2
B2
+
(z2n 1   z2n 2)2 +B2
B2
+
(H   z2n 1)
B2
(z2n   z2n 2)
(3.17)
Here N is the total number of modules and it is assumed that z2n 2 < z2n 1 < z2n. By
diﬀerentiating with respect to the nodal elevations z2n (column work point) and z2n 1 (brace
work point):
@
@z2n 1
✓
E 
 B
◆
= 0)  3z2n + 4z2n 1   z2n 2 = 0
@
@z2n
✓
E 
 B
◆
= 0)  z2n+1 + 4z2n   3z2n 1 = 0
(3.18)
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Figure 3.9: Notation for the nth module of a frame (e.g. high-rise building)
These equations can be rewritten as follow:
z2n =
z2n 1 + z2n+1
2
  z2n+1   z2n 1
4
z2n 1 =
z2n 2 + z2n
2
+
z2n   z2n 2
4
(3.19)
From the above expressions, two important geometric features of optimal braced frames are
inferred:
1. The braced frame central work point z2n 1 is always located at 75% of the module
height.
2. The module heights are all equal.
The last geometric property is easily verified in Figure 3.10 where, after substitution, we
obtain the relationship z2 = z4/2 for the two lowest modules. Similar relationships can be
derived for the other modules.
Though the work of Stromberg et. al [173] suggested that for the purely continuum case,
the bracing angles should be steeper at the base (where the behavior of the structure is
dominated by the overturning moment) than the tip (which is dominated by shear), the
addition of discrete elements shows that the bracing angles are constant throughout. Thus,
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we observe that in the proposed framework, the overturning moment can now be taken
primarily by the discrete columns, rather than the continuum (Q4) elements.
3.3.5 Verification of results
To compare the validity of our results with those presented previously in the literature, we
consider the optimum frameworks given in [80] based on the mathematics of optimal layouts
first introduced in [119]. In these previous works of literature, the authors aim to find
the minimum volume required for a given structural framework and derive the conditions
associated with such layouts. Using these conditions, Hemp derived the optimal geometry
for the strip 0  y  h consisting of cycloids. This problem can then be applied to the
optimum design of “shear bracing” of a long cantilever under a tip shear, F (given in Figure
4.17 of [80]). The results of this study (see Figure 3.11) are compared with those presented
in this work. Based on the angles of the optimal geometry derived by Hemp,
H = B
p
3 + B
p
3
3
=
4
p
3
3
B (3.20)
we obtain
z =
B
p
3
4
p
3
3 B
=
3
4
(3.21)
thereby verifying the approach.
3.3.6 Optimal number of modules for single point load
The results presented in the previous section identify geometric principles for optimal frames
of minimum tip deflection and are independent of the aspect ratio H/B of the frame (see
Equation (3.19)). Therefore, one may wonder what is the optimal number of modules for
a frame of given aspect ratio. This question is answered by minimizing the volume of the
frame, which is written as follows:
V =
X
i
AiLi =
X Fi
 
Li =
P
 
X
i
fiLi =
PB
 
X
i
fiLi
B
where P is the magnitude of the unit load applied at the top of the frame, B is the width of
each (symmetric) frame, and   is the constant stress in each member. Noting the similarities
between the above equation and Equation (3.10), it follows:
V =
PE
 2
  (3.22)
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Figure 3.11: Comparison of results with those of the literature: (a) Discrete truss showing the
optimum shear bracing similar to that with a continuous array of orthogonal cycloids given in [80]
(rotated by 90 degrees), (b) optimal geometry of a single module of the truss
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Figure 3.12: Geometry and notation for optimal braced frames with m diagonal members
Therefore, by minimizing the tip deflection  , the volume of the frame is also minimized.
In summary, the optimal frame for a point load is characterized by minimum tip deflection,
minimum compliance, minimum volume and constant stress in the members.
The problem for the optimal number of modules is formulated in terms of m, the optimal
number of diagonals in the frame, as illustrated in Figure 3.12. For example, with the
geometry shown in Figure 3.5 (or m = 2 in Figure 3.12) the volume is
V =
PB
 
X
i
fiLi
B
=
PB
 
 
H2
4B2
+
B2 + 9H
2
16
B2
+
H2
16 +B
2
B2
!
=
PB
 
 
2 +
7
8
✓
H
B
◆2!
(3.23)
Similarly to the example above, the dimensionless frame volume V  /(PB) is derived for
the other geometric configurations of Figure 3.12 and the result is generalized for systems
with m diagonal members in Table 3.1.
The dimensionless volume from Table 3.1 is computed and plotted in Figure 3.13 for
various aspect ratios H/B. The plot illustrates when the frame structure should transition,
for example, from 1 to 3 diagonal members (see Figure 3.13(a)), or 2 to 4 diagonal members
(see Figure3.13(b)) and so on, by which volume curve is the lowest. The transitional aspect
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Table 3.1: Frame volumes for various numbers of diagonals
Number of Diagonals, m Dimensionless Frame Volume, V  /(PB)
1 1 +
 
H
B
 2
2 2 + 78
 
H
B
 2
3 3 + 57
 
H
B
 2
4 4 + 1116
 
H
B
 2
5 5 + 711
 
H
B
 2
m (odd) m+
h
m+2
2m+1
i  
H
B
 2
m (even) m+
⇥
1
2 +
3
4m
⇤  
H
B
 2
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Figure 3.13: Plot of dimensionless volume versus height to width ratio, H/B: (a) odd number of
diagonals, (b) even number of diagonals
ratios are shown in the figure with a dashed vertical black line. The transition points can
be derived analytically by equating the dimensionless volume of the frame with m diagonals
to the one with m+ 2 diagonals as follows:✓
V  
PB
◆
m diagonals
=
✓
V  
PB
◆
m+2 diagonals
(3.24)
Using the formulas derived in Table 3.1 for frames with an odd number of diagonals,
m+

m+ 2
2m+ 1
 ✓
H
B
◆2
= m+ 2 +

m+ 4
2m+ 5
 ✓
H
B
◆2
) H
B
=
r
(2m+ 1) (2m+ 5)
3
(3.25)
Similarly for a frame with an even number of diagonals,
H
B
=
r
2
3
m (2m+ 4) (3.26)
In conclusion, the designer can first identify the optimal number of modules for a braced
frame depending on the H/B ratio, then later identify the optimal bracing layout according
to the geometric relationships described by Eq. (3.19).
Using this methodology, a conceptual design for a competition entry featuring optimal
bracing work point locations was proposed by Skidmore, Owings & Merrill, LLP as shown
in Figure 3.14.
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Figure 3.14: Rendering of a competition entry showing an optimal bracing system (image courtesy
of Skidmore, Owings & Merrill, LLP)
3.3.7 Optimal multiple modules bracing for multiple loads
The results for a frame with a single point load applied at the top are here generalized
to the case of multiple point loads. Within this context, the optimality criteria followed
is compliance minimization, which leads to a fully stressed design as described previously.
The compliance (or external work of the applied forces Wext) is written in the following
dimensionless form:
EWext
 BF
=
NX
n=1
"
(N   n+ 1) (z2n   z2n 1)
2 +B2
B2
+ (N   n+ 1) (z2n 1   z2n 2)
2 +B2
B2
+
 
NX
j=n
z2j   z2n 1
B2
!
(z2n   z2n 2)
#
(3.27)
The above equation is very similar to Eq. (3.17) derived for the case of a single point load.
The minimum compliance is obtained by taking partial derivatives of this equation, as given
for the case of the bracing work point location z2n 1 below:
@
@z2n 1
✓
EWext
 BF
◆
= 0) N   n+ 1
B2
( 3z2n + 4z2n 1   z2n 2) = 0 (3.28)
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This equation yields the same results presented in Equation (3.18). Therefore, it is confirmed
that even in the case of multiple point loads applied to the frame, the optimal bracing work
point is located at 75% of the height of the module. Furthermore, the optimal height of a
module can be derived by taking the partial derivative of Equation 3.27) with respect to the
column work point elevation z2n. The frame modules are considered to be of constant height
in what follows.
3.4 Combining Q4 and beam elements
In this section, the integration of beam and Q4 elements for two-dimensional problems
is discussed with emphasis on the node-to-node connections or, more specifically, on the
interaction among the coincident degrees of freedom.
3.4.1 Element combination alternatives
In the proposed technique, the element types used are the standard two-node beam ele-
ments with six degrees of freedom (two translations and one rotation at each node) and
the four-node bilinear quadrilateral elements with eight degrees of freedom (two translations
per node). In order to eﬀectively connect the finite elements, the interaction between the
rotational and translational degrees of freedom must be taken into account. This interaction
can be carried out using the three methods outlined in Figure 3.15:
• the beam element is attached only at the extreme ends of the quadrilateral mesh so
interior nodes of the quadrilateral mesh along the beam move independently of the
interior nodes of the beam element (Figure 3.15(a))
• the beam is discretized into many smaller beam elements which are attached at every
node of the quadrilateral mesh along the beam line, forcing the quadrilateral nodes to
translate together with the beam elements (Figure 3.15(b))
• the beam elements share all the degrees of freedom with the enriched quadrilater-
als along the beam line, meaning each node of both quadrilaterals and beams must
translate and rotate concurrently as opposed to the previous methodologies where the
quadrilaterals were limited to pure translations (Figure 3.15(c))
Details of these implementations are discussed next, and a comparison of results based on
these techniques is given later, in Section 3.5.2.
Beam and quadrilateral elements connected at extreme ends only
The first method for combining continuum and discrete finite elements consists of simply
connecting the beam ends to the extreme corners of the quadrilateral mesh. As displayed
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Figure 3.15: Connection types for beam and quadrilateral finite elements: (a) attached at global
beam ends, (b) attached at all concurrent mesh nodes, (c) attached at all concurrent mesh nodes
with enriched (drilling) Q4 elements
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Figure 3.16: Simple moment frame demonstrating a sample displacement field where beam elements
rotate independently of the nodal translations of the quadrilateral elements along the beam line
in Figure 3.15(a), the beam elements share two translational degrees of freedom at each
end (highlighted in red) with the quadrilaterals. Thus, the end rotation of the beam has
no influence on the quadrilateral finite elements because the rotational degree of freedom is
decoupled. Additionally, all the interior nodes along the length of the beam are free to move
independently of the quadrilateral node translations (see Figure 3.16). Here, the eﬀect of
the beam elements is only global on the mesh, that is, the beams provide translational and
rotational stiﬀness at the column node locations (Figure 3.16).
Beam and quadrilateral elements attached continuously along beam line
In the second method for connecting the discrete and continuum elements (as shown in
Figure 3.15(b)), the horizontal beam is discretized into beam elements with nodes that
coincide with the nodes of the quadrilateral mesh. Consequently, the translational degrees
of freedom of both beam and quadrilateral elements are shared throughout the beam’s length
(shown in red). Thus, the quadrilateral elements are constrained to move jointly with the
beam elements when the frame deforms. This behavior is illustrated in the sketch shown in
Figure 3.17.
Note that the connection between beams and columns in a structural steel frame can
be designed for various degrees of moment transfer (i.e. shear connections, flexible moment
connections, moment connections, (see Figure 3.18), which correspond to various rotational
stiﬀness levels for the connection. The influence of the connection stiﬀness on the topology
optimization results is studied later through numerical examples.
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Figure 3.17: Example of a displacement field with beam and quadrilateral elements attached con-
tinuously along beam line
connection Pinned rigid-Semi
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Figure 3.18: Analytical representation of the beam to column connections of various stiﬀness and
corresponding moment diagrams. From left to right: shear connection, flexible moment connection,
moment connection
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Figure 3.19: Addition of drilling degrees of freedom using the mid-side displacements: (a) 8-node
quadrilateral element (Q8), (b) 4-node quadrilateral element with additional rotations (Q4D4)
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Figure 3.20: Example of a displacement field with enriched (drilling) quadrilateral elements (Q4D4)
Beam and enriched (drilling) quadrilateral elements attached continuously along
beam line
Bilinear quadrilateral (Q4) elements behave poorly in in-plane bending, however inclusion
of additional drilling degrees of freedom allows the enriched elements (Q4D4), illustrated by
Figure 3.19, to perform better than the four-node quadrilateral elements (Q4) while using
less degrees of freedom than the eight-node quadrilateral (Q8)[46]. Here, the two translations
at the middle nodes in the Q8 are converted to one rotation at each corner in the Q4D4
element (see Figure 3.19). The equations for the drilling degrees of freedom can be derived
from the basic Q8 formulation [46] as follows: 
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(3.29)
where ui and vi are the horizontal and vertical translations at node i, ✓i is the pseudo-rotation
at node i, m represents a mid-span node, and i and j are the corner nodes of the element.
Though the additional drilling degrees of freedom allow the quadrilateral elements to
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rotate or bend with the beam elements along the beam line, as observed in Figure 3.20,
no significant influence has been observed on the optimization (compliance) results. This
behavior can be explained by observing that the additional rotations provided by the drilling
degrees of freedom capture only a local bending eﬀect. Therefore, standard Q4 elements are
suﬃciently accurate to represent the structural behavior of the examples shown in this chap-
ter since the translational behavior is dominant. Note also that the Q4D4 implementation
is computationally more expensive than that using ordinary Q4 elements.
The integration of beam and quadrilateral elements described in the previous section can
be incorporated into the classical topology optimization formulation of the previous chapter
by introducing a few modifications as described next.
3.4.2 Projection methodology with continuum and discrete elements
Despite several objectives (tip displacement, frequency, buckling, compliance, etc.) in topol-
ogy optimization, which are explored later in Chapter 5, in this chapter we choose to maxi-
mize the overall stiﬀness of a building; thereby, minimum compliance is used as the objective
function (see Eq. 2.2) with SIMP to encourage a 0-1 solution. For the optimization problem,
the design domain of the buildings considered here is the outer skin or shell. However, to
avoid the common problem of checkerboarding over the quadrilateral mesh associated with
this problem statement, a projection technique, similar to that of [75], was implemented. In
addition to eliminating the checkerboarding patterns, projection is used as a means to specify
the minimum member size (characteristic length) in a structure. The projection method is
used in the following examples by considering only the quadrilateral mesh, since the discrete
members already have a given cross-sectional area (i.e. no minimum member size is appli-
cable). Moreover, the presence of the beam or column elements should have no influence
over the topology optimization of the bracing members since they are already members as
illustrated in Figure 3.21. The optimality criteria [167] is used for the optimization process.
3.5 Discussion on finite element modeling assumptions
In this section, the behavior of a single module of a high-rise building is studied to under-
stand some fundamental modeling aspects that arise from combining discrete and continuum
elements. Furthermore, we discuss how various modeling assumptions aﬀect the final topol-
ogy of the lateral bracing system for a high-rise building. For the following problems, we
assume an equal height and width of 10ft with W10x30 steel columns (as specified). For the
topology optimization problem, the volume fraction is 30% with a projection radius of 6in.
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Figure 3.21: Minimum length scale for projection technique over quadrilateral elements; beam and
column elements that lie within the radius have no eﬀect on continuum topology optimization
3.5.1 Influence of point load application in the context of symmetry
The application of the symmetry constraint is studied for the load case in Figure 3.22. If
only one load is applied at the top left corner of the mesh and symmetry is enforced, the
top member is crucial to transfer the load to the column on the far side. This conclusion
holds when the mesh has quadrilateral elements only (Figure 3.23(a)), as well as when beam
elements are introduced for the columns (Figure3.22(a)). With the application of two loads
(one at each top corner in the same direction) there is no need for the horizontal member
to transfer the load to the far sided column. Therefore, such members disappear from the
topology optimization layout (Figure 3.22(b) and 3.23(b)).
Moreover, in Figure 3.23, column elements were absent from the mesh and the resulting
K-brace in Figure 3.23(a) shows almost disappearing columns. This is consistent with the
static equilibrium at the node illustrated in Figure 3.24 (left). Similarly, the result in Figure
3.23(b) is consistent with the free body diagram in Figure 3.24 (right). Moreover, in the
presence of vertical loads the column members would always be required to transfer such
loads from the building structure to its foundation.
In the numerical examples that follow, the symmetry condition was applied using the
schematic illustrated in Figure 3.22(b) since the lateral load considered is a wind load which
has a windward and a leeward component.
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(a) (b)
Figure 3.22: Influence of symmetry constraint on mesh with 6400 quadrilateral (Q4) elements and
2 beam (W10x30) elements: (a) single point load with symmetry applied to the optimization, (b)
anti-symmetric point loads with symmetric result
(a) (b)
Figure 3.23: Influence of symmetry constraint on mesh with 6400 quadrilateral (Q4) elements (no
columns): (a) single point load with symmetry applied to the optimization, (b) anti-symmetric
point loads with symmetric result
56
ed transferrForce
membersboth  to
force Zero
member
Figure 3.24: Eﬀect of asymmetric versus anti-symmetric load application on column elements: (left)
K-brace develops zero-force “columns”; (right) presence of forces in column members of high-waisted
brace
(a) (b) (c)
Figure 3.25: Eﬀect of diﬀerent beam to quadrilateral connection types as presented in Section 3.4:
(a) attached at global beam ends with mesh of 6400 Q4 and 3 W10x30 beam elements, (b) attached
at all concurrent mesh nodes with mesh of 6400 Q4 and 120 W10x30 beam elements, (c) attached
at all concurrent mesh nodes with moment release for mesh of 6400 Q4 and 240 W10x30 beam
elements. Nodes shown in black indicate beam to quadrilateral connection.
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3.5.2 Eﬀect of beam to quadrilateral element connection on the optimal
topology
The eﬀect of the various beam to quadrilateral element connections as described in Section
3.4 are investigated in Figure 3.25. Figure 3.25(a) corresponds to the situation described in
Figure 3.16 where only the extreme beam ends (black nodes) are attached to the Q4 mesh.
Since the nodes are unattached along the beam line and the column line, and the moment is
transferred from the beam to the column, the bracing developed stiﬀens the moment frame.
Figure 3.25(b) corresponds to the situation described in Figure 3.17 where the beam and
column displacements are tied to those of the quadrilaterals (at the black nodes). Thus, the
optimal bracing engages the frame at intermediate working points along the lengths of the
beams and columns.
Figure 3.25(c) represents a situation similar to Figure 3.25(b), the only diﬀerence being
the moment release (drawn as a hollow circle) at the extreme ends of the beam. As a
consequence, the moment is no longer transferred between the beam and column and a
stiﬀening pattern for the corners develops. In order to evaluate the solution with the best
structural performance, we consider the final compliance of the three frames in Figure 3.25:
(a) 0.3287, (b) 0.3397, and (c) 0.3525. Since the volume of material is the same for all
the frames, from an engineering standpoint, if no other constraints are present, the best
performing frame would be the braced frame in Figure 3.25(a).
3.5.3 Influence of the column stiﬀness on the bracing layout
The eﬀect of varying the column area while keeping the continuum mesh unchanged subject
to anti-symmetric point loads at the top corners (see Figure 3.22(b)) is demonstrated in
Figure 3.26. The dimensions of this module are taken to be 48m by 41.5m. An anti-
symmetric point loading of P = 2MN is applied to the top corners. The area, A0, of the
column elements in Figure 3.26(a) were sized to achieve a uniform stress in accordance with
the conditions of optimality for compliance described in the previous sections. Thus, we
select an area of A0 = 0.0021sq m for the column elements, a thickness of t = 0.002m for the
Q4 elements and E = 200, 000MPa (steel). For the topology optimization, a volume fraction
of 20% is used with a projection radius of rmin = 3m.
As the area, A, is increased from the optimal area, A0, the intersection of the cross-
brace (working point) moves vertically downward towards the 45  bracing solution. Figure
3.26 shows the importance of proper sizing of the columns to obtain the theoretical optimal
solution. Correspondingly, the proportions between the radius of gyration of the columns
and the overall width of the domain would also be of influence to the bracing point, i.e. the
higher this ratio, the lower the bracing point. However, in practice the columns would first
be sized for gravity loads and later designed for lateral loads. Therefore, the column area
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(a) (b) (c) (d)
Figure 3.26: Eﬀect of varying the stiﬀness of the column elements on the optimal bracing layout
with mesh of 6400 Q4 elements and 2 beam elements: (a) A = A0,(b) A = 2A0,(c) A = 5A0,(d)
A = 10A0. Intersection of bracing approaches 50% of height as column area is increased from the
optimal solution.
(a) (b)
Figure 3.27: Topology optimization of a frame using 6400 quadrilateral elements (left) and corre-
sponding plot of Von Mises stresses (right)
may be higher than the optimal area, and furthermore demonstrate a lower work point than
the 75% solution.
3.5.4 Verification of the constant stress condition
As described earlier in Section3.3.1, the constant stress condition is verified in the continuum
approach for the previous structure in Figure 3.27 (left) which was derived using a Q4 element
mesh. As shown in Figure 3.27 (right), the Von-Mises stresses are nearly constant within
each optimized member. Since Von-Mises stresses represent an “average” stress, the principal
stresses might also be used for comparison purposes. The corresponding principal stresses
of the continuum elements are more accurate, or closer in value to the stresses in the axial
members, since they lie in the same direction as an axial-only discrete bracing member. The
concept of an equivalent stress comparison for the continuum elements is revisited later in
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Chapter 4.
3.6 Optimal braced frames - numerical results
Numerical applications of the methodology developed in this chapter are presented in this
section for the case of a two-dimensional high-rise building frame. Such examples portray
several features of optimal frames that were described in the previous sections. We note
here that though the number and location of nodes chosen for the discrete members can
be somewhat subjective and may bias the solution, the analytical studies in Section 3.3
showed that each module was of constant height. Thus, the locations and sizes of the
discrete members considered in the following examples are based on the geometries derived
previously.
First, the problem given in [80] is solved using the combined approach in Figure 3.28. In
this problem, the overall dimensions of the structure are given as H = 276m by 2B = 41.5m.
The loading considered is a lateral load of P = 1000 kN applied at the top center with a
symmetry constraint across the y-axis. This structure is assumed to be made of steel, with
E = 200GPa. Using the virtual work methodology to satisfy the drift limit requirements as
described in Section 3.2 and assuming constant stress as described in Section 3.3.1 applied to
the analytical solution for 11 diagonals based on the truss geometry of Figure 3.12, the total
volume of the structure was computed to be 48m3, where the columns account for 35m3 of
this value and the bracing accounts for 13m3. The corresponding stress level was assumed
to be   = 48MPa. The column sizes established using the analytical solution were carried
over to the numerical solution.
Using the discrete/continuum element combination, the topology optimization problem
is run with continuation on the penalization from p = 1 to 4 in steps of 0.5 with a projection
radius of rmin = 3. As seen in Figure 3.28(b) the thick areas of material are no longer
concentrated at the edges of the domain. Furthermore, the braces are now complete and
clearly defined and the final geometry produces the same angles as shown in the benchmark
example of Figure 3.11. Moreover, the resulting diagonal “members” are equal in size and the
stresses are nearly constant throughout the height. As was stated previously, for intermediate
densities the Von Mises stresses will be constant since the strain energy is constant. The
regions where the stresses are higher (or lower) are when the densities are at the endpoints
of the [0, 1] range (i.e. a density of 1 gives a higher stress and a density of 0 gives a lower
stress than the constant). This example verifies the numerical methodology to identify the
optimal bracing layout.
Next, in reference to the results shown in the introduction, we study the addition of
discrete truss elements (columns) from Figure 3.1(c) in more detail here. In this problem,
the overall dimensions of the structure are given as H = 288 m by 2B = 41.5 m. The
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Figure 3.28: Topology optimization for braced frame given in [80]: (a) problem statement, (b)
topology optimization result, (c) stress distribution
loading considered is a lateral load of P = 2000kN applied at each module with a symmetry
constraint across the y-axis. This structure is assumed to be made of steel, with E =
200 GPa. Using the virtual work methodology to satisfy the drift limit requirements as
described in Section 3.2 and assuming constant stress as described in Section 3.3.1 applied
to the analytical solution for six modules based on the truss geometry of Figure 3.12, the
total volume of the structure was computed to be 240 m3, where the columns account for
65% of this value and the bracing accounts for 35%. The column sizes established using
the analytical solution were carried over to the numerical solution. Similarly, the volume
fraction for the topology optimization problem was then taken to be 20% of solid material.
The results of the topology optimization problem with the combined approach using
continuation and a volume fraction of 20% with a projection radius of rmin = 3 are shown
in Figure 3.29(b). Similar to the previous example, the thick areas of material are no longer
concentrated at the edges of the domain and the braces are complete and clearly defined.
One interesting feature of this result shows the densities increase for the bracing members as
the load increases throughout the height indicating that the sizes of the final members should
increase accordingly. The Von Mises stresses for this geometry featuring modules of the same
height are plotted in Figure 3.29(c). Since these stresses are computed using the penalized
stiﬀnesses from the SIMP material model, the resulting stresses are not constant due to the
increasing densities from the tip to the base. In Figure 3.29(d) a three-dimensional rendering
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Figure 3.29: Topology optimization for braced frame: (a) problem statement, (b) two-dimensional
result, (c) stress distribution, (d) three-dimensional rendering of result
of this result is given to show how these findings might be used to design a high-rise building.
3.7 Concluding remarks
The methodology presented in this work for developing a lateral braced frame system in
a high-rise building enables the structural engineer to quickly and eﬃciently identify the
optimal diagonal layout. In summary, the main contributions of this work are as follow:
• Several methodologies to connect discrete and continuum elements were explored.
• A technique was proposed for the design of an optimal braced frame system.
• The constant state of stress in an optimized frame under certain conditions was verified.
• The relevance of this new methodology in the context of high-rise building mechanics
was demonstrated.
• The optimal geometry for a braced frame was analytically derived and numerically
confirmed.
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As an extension of the work presented in this chapter, the incorporation of the module
heights as additional design variables and the use of shell elements with three-dimensional
beam elements for large structural systems might be further explored.
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Chapter 4
An Integrated Topology Optimization
Framework for Buckling and
Multi-Objective Optimization
In the previous chapter, the focus was on designing the lateral bracing systems for high-
rise buildings using compliance as the objective. This chapter presents an extension of the
proposed methodology for other objective functions with particular attention to linearized
buckling and the combination of two diﬀerent objectives (compliance and buckling) using the
notion of pareto optimality. Several examples will be introduced to show the eﬀectiveness of
the methodology for the design of single story and multistory frames.
Additionally, in the previous chapter, the combination of continuum and discrete elements
was used to overcome some of the shortcomings of using continuum elements only for a very
sparse problem, like that of the high-rise. Here, this approach is retained, however, it
has been extended to allow simultaneous sizing of the cross-sectional areas of the discrete
members and optimization of the continuum elements. This extension is necessary since the
assumption of constant stress does not hold for all objective functions, as discussed later in
this chapter.
4.1 Introduction
Topology optimization has been attracting increasing interest in the civil engineering in-
dustry especially for the design of high-rise buildings and long span structures. Several
examples of applications of topology optimization for architectural design have been pre-
sented in [175, 3, 111]. In such examples, the optimization problem was formulated in terms
of compliance minimization, which is a major parameter of structural eﬃciency. However,
the high-rise building problem is by nature multi-objective and several aspects must be con-
sidered in the design beyond compliance, such as stability, frequencies, inter-story drifts,
etc.
Many techniques have been previously developed for single objective functions. For ex-
ample, [167, 29, 175], among many others, focus on minimum compliance as the objective.
Natural frequency and mass are the objective functions in [57, 84, 127]. Furthermore, [122]
tailors topology optimization design framework for stability problems, where the objective
function is the critical buckling load. As for tip deflection as the objective function, the
technique in [13] has been used for truss optimization where the minimum volume subject
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to a target tip displacement is optimized.
This chapter is organized as follows: in the next section, previous investigations for buck-
ling and multi-objective optimization are discussed and compared with the framework intro-
duced here. Then, the single-objective framework for continuum optimization is introduced
for buckling, and generalized for other objectives. The framework is also updated to include
the cross-sectional areas of the discrete elements as design variables. A detailed sensitivity
derivation is included for both the continuum and discrete elements. The following section
expands upon the single-objective framework to incorporate other objectives simultaneously
in the optimization problem and comments on the state of optimality for multi-objective
optimization using the concept of Pareto-optimal design. Numerical examples are given to
demonstrate this framework for single-module frames to establish a benchmark and verify
our results. The framework is then applied to compare the objectives for practical bracing
systems, and we conclude with some final remarks on the extensions of this work.
4.2 Literature review
In the vast majority of papers on topology optimization, minimum compliance is used as the
objective function. For the practicing engineer, other quantities, such as buckling, natural
frequency, tip deflection, strength, inter-story drift, cost and combinations thereof are of
interest during the design of a structure. This section reviews current methods available in
the literature, specifically for buckling and multi-objective optimization.
4.2.1 Buckling
Typical topology optimization results often contain very slender members; therefore, the
work by [122] was one of the first in which a buckling load criterion was considered to
address this issue. This was later expanded upon by [121], in which the homogenization
method was used for the optimal reinforcement design of portal (single-story) frames under
a buckling load. Similarly, the optimal design of plate reinforcements using a non-smooth
buckling load criterion was explored in the work by [67]. Later, [143, 142, 181] applied the
use of buckling as an optimization criterion for the design of sparse, long-span bridges. Other
contributors to the continuum topology optimization problem with buckling as an objective
are [211, 163, 29]. Extensions for buckling problems in materials can be found in the paper by
[123]. To make design problems more realistic, geometric nonlinearities were incorporated in
the stability problem for “perfect” and “imperfect” structures in [91] by directly determining
the critical load factor and including it as an inequality constraint.
It should be noted that many numerical issues are encountered in the buckling optimiza-
tion problem. One of the main issues associated with topology optimization for buckling is
the presence of localized eigenmodes. To eliminate this eﬀect, many techniques artificially re-
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move “void” elements from the optimization problem; however, this may produce erroneous
solutions since when an element is removed, it cannot re-enter the optimization problem
[135]. An alternative methodology to eliminate localized eigenmodes in low density areas
for cases in which the problem is not formulated as reinforcement of an existing structure is
presented in [135]. Other numerical issues include the case of multiple eigenvalues, which are
typically present in symmetric structures and non-smoothness of the eigenvalues [130]. For
a review of multiple eigenvalues in structural optimization problems and how to treat them,
the reader can refer to the work by [164]. In the implementation proposed here, we include
an adapted version of the method suggested by [129] to stabilize the structure and eliminate
problems with local eﬀects. Furthermore, in this work, we assume simple (non-repeated)
eigenvalues, though diﬀerentiability issues associated with repeated eigenvalues might be
avoided by reducing the design space in accordance with structural symmetry [96].
4.2.2 Multi-objective optimization
Topology optimization based on a single objective function (i.e. minimum compliance, de-
flection) can be quite valuable in solving a variety of engineering problems. However, in the
context of buildings, it is more significant to optimize a structure for several engineering
criteria together, such as minimum compliance, natural frequency or period, critical buck-
ling load, and/or tip deflection. This chapter discusses the development of a multi-objective
framework involving these design criteria for topology optimization of civil engineering struc-
tures, with particular focus on high-rise buildings.
Previous work on multi-objective optimization can be found in [40, 155, 98]. An attempt
towards multi-objective optimization for structures is made in [98], however, this paper uses
evolutionary algorithms to optimize for structural compliance, natural frequency and mass
subject to constraints on the stress levels. This methodology is not suitable for the gradient-
based formulation applied in this research.
In general, multi-objective problems must be solved as a single-objective problem, which
can be formulated using a variety of techniques, including the weighted-summethod, weighted
min-max method, weighted global criteria, weighted product method, and exponential weighted
criterion. [109, 12]. However, one of the major challenges of multi-objective optimization
techniques lies in the process of selecting the vector of weights. These weights can be selected
by ranking methods (where the importance determines the order of the objective) [202],
categorization methods (grouping objectives according to importance), eigenvalue methods
(based on comparison between objectives) [157], rating methods (assigning relative impor-
tance to objectives), and/or ratio questioning methods (pair-wise comparison of objectives).
In this work, the weighted-sum method was chosen to formulate the multi-objective opti-
mization problem for its simplicity and the flexibility for the designer to weight the criteria
according to the problem at hand. For more details on these methods and their implemen-
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tation, the reader can refer to [109, 82, 190].
Since it is very rare for the multi-objective optimization problem to reach the absolute
minimum of each objective function simultaneously, we must discuss the notion of Pareto
optimal solutions in the context of this work. As given in [109], the optimal solution for
a multi-objective optimization problem (using a weighted sum or norm of the vector of
objective functions) may not be Pareto optimal (i.e. there may be other points that improve
at least one of the objectives). However, the work of [203] showed that if all of the weights are
positive, the minimization of the above problem statement is suﬃcient for Pareto optimality.
This concept is described in more detail later in the numerical examples.
Other challenges of multi-objective optimization methods include: (i) an accurate, com-
plete set of Pareto solutions many not be given by arbitrarily varying the weights [51], (ii)
a priori selection of weights does not imply an acceptable final solution (i.e. one may need
to reevaluate the weights throughout the process) [109], and (iii) a weighted sum approach
limits the set of solutions to obtain points only on a convex Pareto optimal set [51]. It
is important to note that approaches other than the weighted sum may be substituted in
the following formulation as deemed appropriate by the designer and the problem under
consideration.
4.3 Buckling and second-order eﬀects in high-rise building design
In high-rise building design, multiple structural objectives can be considered, mainly, overall
drift, compliance, period and buckling. Each objective relates to a diﬀerent aspect of the
design, but they all ultimately aﬀect the topological layout of the structural system and the
sizing of the members.
Building drift (measured by the ratio of the displacement at the top of the building to the
height of the building, H) under lateral loads has traditionally been used as a good indicator
of adequate stiﬀness. A building with drift less than H/500 would be deemed adequate,
in terms of having a properly sized lateral structural system. Recently, compliance, which
measures the work done by the external applied loads on the building, has been considered
to maximize the overall stiﬀness of the lateral system. Compliance is a global indicator
of stiﬀness since it considers the displacements at each point of load application in the
calculations, while building drift is more of a local measure since it considers only the tip
displacements. Minimizing the building period is another important objective, since a shorter
period typically means better overall wind performance. Buckling and second order eﬀects
in general are another aspect which must be addressed to ensure the global stability of the
structure and to include P-delta eﬀects in member design.
In order to better understand the importance of buckling and second order eﬀects in
high-rise building design, we outline a simple example inspired by the work of LeMessurier
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[101, 102]. Such work was developed as a result of the issues and investigations associated
with the construction of the John Hancock Tower in Boston in the mid ’70s. Consider the
structure in Figure 4.1(a), which conceptually represents a high-rise building under gravity
loads, P , with lateral load system represented by the linear spring of stiﬀness k. For a small
horizontal (virtual) displacement  , the moment equilibrium at the base reads P   = k H,
which is equivalent to the eigenvalue problem (kH P )  = 0. Therefore, the critical buckling
load for the building is Pcr = kH. In order to define the stiﬀness k, let us consider Figure
4.1(b), where the lateral loads on the structure are represented by the force V . Using the
notation in the figure, V = k 0. Here  0 represents the building tip displacement without
considering second order eﬀects and  0/H is the first order building drift. The critical
buckling load for the building now reads Pcr = V H/ 0. Note that using the traditional
design approach we would design the structure to ensure  0/H < 1/500 . Let us now
superimpose the eﬀects of gravity and lateral loads, as shown in Figure 4.1(c). The moment
equilibrium with respect to the base reads k H   P   V H = 0, or
  =
V H
kH   P =
Pcr 0
Pcr   P (4.1)
Notice that here   indicates the horizontal displacements accounting for second order eﬀects.
Equation 4.1 can be rewritten as follows:
 
 0
=
1
1  PPcr
= A.F. (4.2)
The above amplification factor (A.F.) indicates the amplification of the first order drift
due to the second order eﬀects caused by the gravity loads in the system and it has been
incorporated in design codes since the ’70s. In order to quantify such eﬀect on a high-
rise building, let us consider the example in Figure 4.1(d), which is similar to the exam-
ple described by [102]. The building considered has a rectangular plan with W =100ft.,
L =300ft. and H =200ft. In addition, we assume a wind pressure of 20psf acting on
the narrow face of the building and a building density of 10pcf (typical for a steel build-
ing). Considering the prismatic element through the building in Figure 4.1(d) with a
base of 1ft2 and length L and assuming the drift criteria  0/H = 1/500, we would have
Pcr = V H/ 0 = 20psf · 500 · 1ft2 = 10000lbs. The gravity load of the prismatic element
would be P = 10pcf · 300ft · 1ft2 = 3000lbs. The amplification factor on the second order
eﬀects for the narrow face would be A.F. = 1/ (1  3000/10000) = 1.43. Similarly, the am-
plification factor for the wider face would be A.F. = 1/ (1  1000/10000) = 1.1, which is
much less. Therefore, by using only the first order drift as a design criterion in both direc-
tions, the lateral system would be significantly undersized in the narrow direction since the
wind load on the narrow face causes small forces, but the second order amplification eﬀects
would be very large. Investigations on the Hancock Tower in Boston triggered by other issues
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Figure 4.1: Second order eﬀects in high-rise buildings: (a) Gravity loads; (b) Lateral loads; (c)
Combined gravity and lateral loads and (d) Second order eﬀects in a rectangular building.
unearthed this stability problem, which was solved by strengthening the core elements. An
extreme design case of a condition with small lateral forces would be the situation of a very
large (in plan) warehouse building in a very low seismic area. Such building would have very
large gravity loads applied and since expansion joints are required every 300ft or so, it is
conceivable to have a structure in the middle of the warehouse complex which is shielded on
all sides and therefore not requiring, in principle, any lateral system. In such a situation,
buckling considerations and second order eﬀects would control the design. Notice that the
modern codes acknowledge such possibilities, and a minimum (notional) lateral load should
always be factored in the design.
The above examples emphasize three key aspects: (i) in a certain class of high-rise build-
ings, buckling considerations control the design over drift considerations; (ii) second order
eﬀects can cause significant force amplifications, and (iii) a simple superposition of eﬀects
(gravity loads and lateral loads) would not capture the second order eﬀects. Therefore, a
methodology to maximize the buckling load and to properly combine buckling and drift op-
timization would be very beneficial to structural engineers; such methodology is the main
focus of this chapter.
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4.4 Linearized buckling framework
Before the multi-objective framework is introduced, the single-objective framework for lin-
earized buckling is discussed here. Buckling is used as an example of another objective
relevant to structural engineers beyond compliance, though similar formulations for other
structural objectives could be introduced. The sensitivity analysis is described next for a
generic objective and buckling is used as an example.
4.4.1 Problem statement and formulation
The generalized eigenvalue problem for linearized buckling can be stated as follows:
[K (d) + PcrKg (d,u(d))]  = 0 (4.3)
or
[Kg (d,u(d)) +  K (d)]  = 0 (4.4)
where K (d) is the stiﬀness matrix as a function of the design variables, d, u is the vector
of nodal displacements, Pcr is the critical buckling load inducing the instability, Kg is the
geometric stiﬀness matrix,  max = 1/Pcr is the eigenvalue and   is its associated eigenvector.
We note that the Solid Isotropic Material Penalization (SIMP) model [26, 154, 28] is used
in the computation of the stiﬀness matrices to gear the optimization towards a 0-1 solution
by penalizing intermediate (gray) design variables:
E (d) = dpE0 (4.5)
where p is a penalization with p   1 and E0 is the Young’s Modulus of solid material. The
geometric stiﬀness matrix, Kg, is given by:
Kg =
ˆ
GT
264 s 0 00 s 0
0 0 s
375G dV (4.6)
where s is the initial stress tensor,
s =
264  x0 ⌧xy0 ⌧zx0⌧xy0  y0 ⌧yz0
⌧zx0 ⌧yz0  z0
375 (4.7)
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The terms inG in Eq. (4.6) above are obtained from the diﬀerentiation of the shape functions
in N [46]. The objective is to maximize the minimum critical buckling load as follows:
min
d
f (d,u (d)) = min
✓
max
i=1...NDof
( i)
◆
= min
✓
1
Pcr
◆
= min
✓
max
✓
  
TKg 
 TK 
◆◆
(4.8)
Thus, the problem statement can be written using a nested formulation [44] as:
min
d
f (d,u (d)) = max
i
 i
s.t. g1 (d,u (d)) = V (d)  V¯
0  di  1
(4.9)
where u (d) is defined implicitly through the equilibrium equation, K (d)u (d) = p, with p
as the vector of applied nodal loads, V¯ is the allowable total volume, and
 i =   
T
i Kg i
 Ti K i
(4.10)
4.4.2 Derivation of sensitivities
In order to use a gradient-based update scheme for the optimization, the design gradient of
the objective function must be computed. Next, the expression for the gradient is derived
for a general objective function, with linearized buckling given as an example.
Using a nested formulation [44], the general objective function is Fr (d) = F (d,u (d)),
in which u is implicitly defined as a solution to the equilibrium equation K (d)u = p; u
is a vector containing the structural response, which is displacement in this case, K (d)
represents the stiﬀness matrix as a function of the design variables, d, and p represents the
applied external forces. The sensitivity of the objective function with respect to the design
variable, di, is thus given as:
@Fr
@di
=
@F
@di
(d,u (d)) +
nX
j=1
@F
@uj
(d,u (d))
@uj
@di
(d) (4.11)
=
@F
@di
(d,u (d)) + [ruF (d,u (d))]T @u (d)
@di
(d)
To get an explicit expression for @u@di (d), the equilibrium expression is diﬀerentiated with
respect to di:
@K (d)
@di
u (d) +K(d)
@u (d)
@di
=
@p (d)
@di
(4.12)
@u (d)
@di
= K 1(d)
h
@p(d)
@di
  @K(d)@di u (d)
i
(4.13)
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Substituting Eq. (4.13) into Eq. (4.11), the sensitivity of the objective function can then be
written as
@Fr
@di
=
@F
@di
(d,u (d)) +
⇥
K TruF (d,u (d))
⇤T @p (d)
@di
  @K (d)
@di
u (d)
 
(4.14)
The adjoint displacement, ua, can be defined as follows:
ua =
 
K TruF (d,u (d))
 T (4.15)
or,
K (d)ua = rF (d,u (d)) (4.16)
Thus, in general, for any objective function, the sensitivities of the design variables can be
written as follows:
@Fr
@di
=
@F
@di
(d,u (d)) + ua

@p (d)
@di
  @K (d)
@di
u (d)
 
(4.17)
As an example, for the linearized buckling problem, the objective function can be written
as follows:
F (d,u (d)) =
1
Pcr
=  max (4.18)
The generalized eigenvalue problem given above in Eq. 4.3,
 TKg (d,u(d))  =   max TK (d)  (4.19)
can be substituted into Eq. 4.18 to provide
F (d,u (d)) =
1
Pcr
=  max =   
TKg 
 TK 
(4.20)
Diﬀerentiating Eq. (4.19), one obtains the following relationship:
 T
@Kg (d,u(d))
@di
 +  max 
T @K (d)
@di
   @ max
@di
 TK (d)  = 0 (4.21)
Rearranging terms and normalizing the stiﬀness matrix, such that  TK (d)  = 1, one obtains
@ max
@di
=  

 T
@Kg (d,u(d))
@di
 +  max 
T @K (d)
@di
 
 
=   T

@Kg (d,u(d))
@di
+
1
Pcr
@K (d)
@di
 
 
(4.22)
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The adjoint problem for buckling as an objective function thus becomes
K (d)ua = ruF (d,u (d))
=
@F (d,u (d))
@u
=   T @Kg (d,u (d))
@u
 
(4.23)
where
@Kg (d,u (d))
@ui
=
"
@s
@ui
0
0 @s@ui
#
(4.24)
Assuming plane stress, we obtain
@s
@ui
=
E0
1  ⌫2
"
@Ni
@x
 
1 ⌫
2
 
@Ni
@y 
1 ⌫
2
 
@Ni
@y ⌫
@Ni
@x
#
(4.25)
Finally, we arrive at the following expression for the sensitivities of the design variables with
respect to the critical buckling load:
@Fr
@di
=  T

@Kg (d,u(d))
@di
+
1
Pcr
@K (d)
@di
 
   ua@K (d)
@di
u (d) (4.26)
For other objective functions, a similar procedure can be followed to that of Equations (4.18)
through (4.26).
4.4.3 Sensitivities of the discrete elements
The combination of discrete and continuum elements to overcome the shortcomings asso-
ciated with the accumulation of material observed in the analysis with only continuum
elements was introduced in [175]. Here, the same approach is utilized, but the areas of the
discrete elements are included in the optimization problem. To this end, the sensitivities are
calculated starting from Eq. (4.17) which provides a general expression for any objective.
In this case, we select di as the cross-sectional area of the ith discrete member. For the case
of compliance minimization, p is independent of d and ruF (d,u (d)) = p so ua = u (d)
simplifying the sensitivity expression to
@Fr
@di
=  u (d)T @K (d)
@di
u (d) (4.27)
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For buckling optimization, Eq. (4.26) remains the same as before, but for the discrete
element, the contribution from the axial stress is
@s
@ui
=
E0
L
(4.28)
4.5 Multi-objective optimization
Previous work on topology optimization for high-rise building design has only considered
single objective functions. However, in practice, the designer may want to consider several
objectives simultaneously. In this section, we introduce the multi-objective optimization
problem, in which compliance and buckling are given as an example of two objective functions
that are simultaneously optimized.
4.5.1 Selection of objective functions
In the design of any structure, it is important to select the right objective function to suit
the problem. Minimum compliance, or maximum stiﬀness, is a commonly selected objective,
which can be used in its own merit and also as a surrogate to explore other metrics, such
as buckling and stability, natural frequencies, eigenmodes, P    eﬀects, etc., depending on
the problem being explored.
In the conceptual design phase of a high-rise building, the majority of concerns are
usually related to the overall stiﬀness/drift requirements under lateral loads [13]; therefore,
many of the decisions made during this process are related to defining the lateral system,
or providing stiﬀness/drift control. However, the incorporation of other structural objective
functions, such as buckling or those listed above, might also be considered for the initial
design phase to avoid the necessity to change the design at a later stage to satisfy another
criterion.
4.5.2 Pareto optimality in multi-objective optimization solutions
To understand the concept of optimal for multi-objective optimization, we must introduce the
concept of Pareto optimality [131]. According to [12], Pareto optimality is the predominant
solution concept in defining solutions for multi-objective optimization. It has been used
previously in topology optimization by [176, 177] to generate optimal topologies for various
volume fractions of material by tracing the Pareto Optimal front. This notion can be defined
as follows: A point x* in the feasible design space S is called Pareto optimal if there is no
other point x in the set S that reduces at least one objective function without increasing
another. This concept is illustrated in Figure 4.2, where the feasible design space S is shown
in the shaded region and the Pareto optimal set is along the boundary between points A
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Figure 4.2: Illustration of the concept of Pareto optimality [12]
and B. For example, point A lies on the Pareto optimal set because there is no other point
in the feasible design space that reduces the objective function, f2, without increasing the
other objective, f1, or violating the constraints, gi. Likewise for point B, there are no other
points that decrease f1 without increasing f2 or violating the constraints. Therefore, points
A and B must be Pareto optimal.
For the solution of the multi-objective optimization problem using Pareto optimality, we
must also introduce the utopia point : A point fo in the criterion space is called the utopia
point if f oi = min {fi (x) | for all x in the set S}, i = 1 to k [12]. To find the utopia point,
each objective function must be minimized without regard for the other objective functions.
For example, in Figure 4.2, the utopia point is defined by the intersection of the minimum of
f1 without considering f2 and of f2 without considering f1 in the feasible design space. It will
rarely coincide for diﬀerent objectives; therefore, one design point will not simultaneously
minimize every objective function. Thus, the utopia point exists only in the criterion space,
rather than the design space, so it cannot be attained. Thus, we must find a compromise
point as close as possible to the utopia point along the Pareto optimal set by formulating
the multi-objective problem as a single-objective problem. This can be done using a variety
of techniques based on factors in the user’s preference, which are described next.
4.5.3 Multi-objective problem formulation
The most commonly used formulation for multi-objective optimization is the weighted sum
method. Similar to Equation (4.9), the general form of the problem statement, using a
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nested formulation [44], can be written as follows:
min
d,u
f (d,u(d)) =
NX
i=1
wifi (d,u (d))
s.t. g1 (d,u (d)) = V (d)  V¯
0  di  1
(4.29)
where, like before, u (d) is defined implicitly through the equilibrium equation,K (d)u (d) =
p, fi is the ith objective function with wi representing its weight and N denotes the total
number of objectives to be included in the optimization. If the weights are selected such
that
P
wi = 1, the objective functions must be normalized as follows:
fnormi =
fi (d,u (d))  f oi
fmaxi   f oi
(4.30)
where f oi and fmaxi are the minimum and maximum values of the ith objective. These values
are computed first by optimizing fi in isolation, and then using the recorded min and max
in the normalization at each iteration of the multi-objective optimization. Likewise, the
associated sensitivities will be normalized by
dfnormi =
dfi (d,u (d))
fmaxi   f oi
(4.31)
To illustrate this necessity, we consider the case of simultaneous compliance and buckling
optimization; the overall compliance is several orders of magnitude higher than the inverse
of the critical buckling load factor, therefore, the normalization allows the designer to give
appropriate weighting to each objective. Alternative formulations that could be used in place
of Eq. (4.29) include the weighted min-max method, multi-objective genetic algorithms, and
the weights global criterion method, among others [12].
4.6 Computational framework
The computational framework developed in this research was based on a combination of
polygonal finite elements [184, 185] and discrete (truss) finite elements. In Figure 4.3, the
types of elements used in this study are shown, which include 1D discrete truss elements
and 2D polygonal elements, ranging from 3-gons to n-gons. Two discrete truss elements
were used to model the columns so as to eliminate several issues encountered with the high-
rise problem, such as unrealistic flexural stiﬀness associated with continuum elements used
to model the columns, inability to identify the resulting locations of the connections and
working points, formation of incomplete bracing systems, etc. These issues are described in
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Figure 4.3: Elements investigated in this research and discretization of design domain using these
elements
detail in [175].
The polygonal finite elements were used in this framework to model the continuum sub-
domain, in which the bracing system could form, as shown in Figure 4.3. The polygonal
elements were selected due to their ability to naturally eliminate unstable checkerboard
patterns and one-node connections, often present with traditional triangular or quadrilateral
finite element meshes, caused by their artificial stiﬀness in the finite element approximation
[183]. Additionally, it has been shown in [183] that the choice of polygonal finite elements
allows unstructured meshes to be easily generated using Voronoi tessellations which can also
be used to eliminate bias in the orientation of the resulting “members”, as typical triangles
and quadrilaterals often constrain these orientations with the geometry of the mesh, often
resulting in mesh-dependent sub-optimal designs.
4.7 Numerical examples
As described extensively in [175], in the high-rise problem using only continuum elements,
material tends to concentrate at the ends of the design domain to resist the overturning
moment, generating thick bands of material representing the columns. Such bands introduce
unrealistic bending stiﬀness and require the use of discrete elements to accurately capture
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the behavior of the structure. In addition, discrete elements have the advantage of making
the working points easy to identify. On the other hand, the disadvantage of using discrete
elements is that the number of members and the connectivity must be known a priori to carry
out the optimization, unless other techniques, such as ground structures (see Ch. 4 of [29] and
Ch. 5 of [44]), are used. The continuum approach has the advantage that the layout of the
structure is free to form within the whole domain. The discrete/continuum framework here
is the best compromise for the high-rise problem because the discrete members are located
where the columns are typically located at the ends of the building, while the continuum is
available to form the optimal layout of the diagonals.
As an extension to the methodology introduced in [175], the cross-sectional areas of the
discrete members can be incorporated in the optimization problem, in addition to the element
densities of the continuum elements to further streamline the design process. In this case,
the Method of Moving Asymptotes [180] is selected as the optimization engine due to its
flexibility in incorporating several optimization objectives and constraints.
To establish a benchmark for the multi-objective optimization solution, several single-
objective (i.e. compliance, buckling) studies are conducted next, first using discrete elements
only, and then using the proposed integrated discrete/continuum framework in the following
results. Comparisons are given between the following three objectives for each problem: (i)
compliance, (ii) buckling, (iii) multi-objective (compliance and buckling).
4.7.1 Discrete studies: comparison of objective functions
Minimum compliance
Revisiting the one-story braced frame from [175], Figure 4.4(a) shows the problem statement
for minimum compliance as the objective function, in which the total volume is V¯ = 1m3, the
height, H = 48m, the width, 2B = 41.5m, and the applied loads, P = 2MN . The problem
statement is given, using a nested formulation [44] as described previously, as follows:
min
d,u
f (d,u (d)) = u (d)TK (d)u (d)
s.t. g1 (d,u (d)) = V (d)  V¯
0  di  1
(4.32)
In the following discrete examples, the design variables, d, are selected as the cross-sectional
areas of the members. The numerical optimization is then conducted using Matlab’s fmincon,
which finds the minimum of a constrained multi-variable function.
On the right of Figure 4.4(a), the total minimum compliance using the cross-sectional
areas as the design variables for various elevations of the bracing point, z is shown. At the
optimum, z = 36m, c = 1538 kN  m and the corresponding optimal cross-sectional areas
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are reported in Table 4.1. We note here that the stress is constant within all members,   =
555MPa. Analyzing the optimal structure for the gravity load case shown in Figure 4.4(b),
the critical buckling load factor computed using these cross-sectional areas is Pcr = 104.1.
Maximization of critical buckling load
For the same problem given in the previous section, the critical buckling load is now max-
imized for the gravity load case shown in Fig.4.4(b) using the problem statement given in
Figure 4.4(b) and Eq. (4.9). Figure 4.4(b) shows a similar trend in regards to the behavior
of the compliance problem: again, the optimal bracing point occurs at z = 36m. This can
be explained due to the similarities in the critical buckling mode of the gravity load case
and the deflected shape of the wind load case. At the optimum, the critical buckling load
factor Pcr = 111.5 is higher than that of the minimum compliance problem, as expected. A
summary of the corresponding cross-sectional areas is given in Table 4.1. We note that if
the compliance is computed for the wind load case using these optimal cross-sectional areas
of the buckling problem for Fig. 4.4(a), we obtain c = 1593 kN  m - slightly higher (worse)
than that with minimum compliance as the objective.
Note that the buckled shape in Figure4.4(b) resembles the deformed wind shape because
truss elements were used. If beam elements were employed, other buckled shapes with a
lower eigenvalue could control the design. However, columns are typically designed to resist
buckling and here the focus is on a system level buckling neglecting local phenomena.
Multi-objective optimization
Next, the problem combining Figures 4.4(a) and 4.4(b) is studied. The objective function
is a combination of minimum compliance for the wind load case and maximum buckling
factor for the gravity load case. The weights of Eq. (4.29) are arbitrarily chosen as w1 = 0.5
and w2 = 0.5, giving equal magnitude to both normalized objectives. Thus, the objective
function becomes
f (d,u (d)) = w1f
norm
compliance + w2f
norm
buckling (4.33)
.
We observe that for the case of multi-objective optimization, at the optimum (z = 36m),
the compliance, c = 1556 kN  m, is slightly smaller than for buckling optimization and the
critical buckling load, Pcr = 110.1, is bigger than that of strictly compliance minimization.
As expected, the cross-sectional areas (see Table 4.1) reach their optima at a state between
the previous two cases.
In the context of Pareto optimality, if the multi-objective function is normalized, we
observe that the compromise point is achieved at a value of f = 0.125 for this problem,
where f = 0 would denote the utopia point. A summary of these results is given in Table
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Figure 4.4: Problem statement, deflected or mode shape, and convergence of the following optimiza-
tion problems to find the location of the bracing point, z, and cross-sectional areas, Ai, for a fixed
volume, V¯ = 1m3: (a) minimum compliance of the wind load case, (b) maximization of minimum
critical buckling load for gravity load case , (c) multi-objective optimization
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Variable ObjectiveCompliance Buckling Multi-Objective
z (m) 36 36 36
c (kN  m) 1538 1593 1556
Pcr 104.1 111.5 110.1
A1
 
m2
 
0.0021 0.0030 0.0027
A2
 
m2
 
0.0072 0.0064 0.0066
A3
 
m2
 
0.0042 0.0037 0.0039
Table 4.1: Comparison of objectives and cross-sectional areas for the problems in Fig. 4.4
4.1.
4.7.2 Combined discrete/continuum element studies
The three cases analyzed in the previous section are now solved using a discretization of
5,000 polygonal finite elements [184, 185] for the continuum (braces) and two truss elements
for the columns. The thickness of the continuum is selected as t = 0.002m. The topology
optimization is run until convergence for p = 1 to determine the optimal member sizes so as
not to bias the stiﬀness of the discrete elements based on their cross-sectional areas with the
penalization of the stiﬀness in the continuum formulation. The resulting sizes are then used
with continuation for p = 1 to 4 to determine the final topology of the “diagonal” members.
For the minimum compliance of the lateral load case (see Figure 4.6(a)), c = 1586 kN  m,
A = 0.0020m2 and Pcr = 75.9. The contribution from the continuum is c = 1338 kN  m
and c = 248 kN  m from the discrete.
For the minimum compliance problem, it has been shown that the optimal solution is
a fully-stressed design. Thus, for comparison purposes, we analyze the stress in each of
the members. For the columns, the stress can be computed as  col = Pcol/Acol = 513MPa.
However, since the continuum “members” are not as clearly defined as a truss is, the following
equivalent quantity can be used:
 cont =

E
ccontinuum
Vcontinuum
 1/2
=

(200, 000MPa) (1.338MN  m)
0.81m3
 1/2
= 575MPa
(4.34)
where ccontinuum represents the contribution of the continuum elements to the overall com-
pliance of the system. Comparing the stress in the columns with that in the braces, we can
see that the values are roughly constant, thus showing that the solution is a fully-stressed
design.
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Figure 4.5: Example of mode switching (common in dynamic optimization problems)
It should be noted that for the buckling problem, several issues are encountered in regards
to localized buckling modes. To eliminate these modes, the geometric stiﬀness matrix, Kg,
can be computed using modified element densities, where the geometric stiﬀness is modified
for element densities less than 10%, as suggested by [129], following the equation below:
d =
8<:d6 for 0 < d < 0.1dp for 0.1  d  1 (4.35)
with p = 6 for the SIMP penalization parameter on the geometric stiﬀness given in Eq. (4.5).
In addition to the presence of localized modes, the occurrence of mode switching is quite
common in topology optimization problems of a dynamic nature (see Figure , for example
4.5) [129]. To avoid this issue, in the proposed framework, the first mode (i.e. the one that
is to be optimized) is selected from the first ten eigenmodes based on an overall system
(sidesway) buckled shape. At each subsequent iteration, the new eigenmodes are normalized
and compared against the previous buckling mode, and the mode in which the norm of the
diﬀerence is nearly zero is selected as the new mode to be optimized. This ensured that the
topology optimization was performed for a global (sidesway) buckling mode throughout.
If the same problem is analyzed with the objective of maximizing the critical buckling
factor, the final optimal geometry gives Pcr = 111.5 and the cross-sectional area of the
columns is A = 0.0030m2, which matches exactly with the discrete study given above. If
this structure is then analyzed for compliance, the geometry produces c = 1613 kN   m.
We also note that for the case in which the objective is to maximize the minimum critical
buckling load, the assumption of constant stress does not hold.
If these objectives are combined using the weighted sum method and normalized objective
functions, the cross-sectional area of the columns becomes A = 0.0027m2 and the associated
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Figure 4.6: Problem statement for the discrete/continuum implementation to find optimal geometry
and cross-sectional area with V¯ = 1m3: (a) minimum compliance problem, (b) maximization of
critical buckling mode, (c) multi-objective optimization problem
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compliance is c = 1611 kN  m and critical buckling load is Pcr = 108.8. In this case, the
compromise point occurs at f = 0.028.
From these examples, we can conclude that if a structure is optimized for compliance using
the lateral load case, the final geometry (topology) will also be optimal for maximization
of the critical buckling load; however, the column sizes will be diﬀerent. Thus, from the
compliance optimization, the optimal topology of the structure can be determined, which
can then be sized for buckling using energy methods [13, 175].
4.7.3 Optimal bracing systems: six mega-story building under several
objectives
The six-module bracing study originally presented in [175] as the prototypical high-rise
building problem is revisited here using the proposed framework. This example is analyzed
for the cases of single objective optimization using compliance and buckling and for the
combination of the two. The problem consists of a six-module portal frame with six discrete
(truss) elements equally spaced along the height. We note that the discrete elements could
alternatively use beam finite elements instead of trusses, however, this would only increase
the computational time without adding significant information to the problem since it would
only enable us to capture the column buckling, which is typically not a concern after proper
structural sizing.
Discrete study to benchmark objectives
Figure 4.7(a) shows the results for the optimal geometry using discrete members only. As we
have shown in the previous section, the compliance of the wind load case and the buckling
of the gravity load case result in the same optimal geometry in terms of the frame layout,
but diﬀerent cross-sectional areas of the members (see Table 4.2). Thus, the initial topology
of the structure could be determined using compliance optimization of the wind load case,
where the members are sized later in the process to incorporate buckling eﬀects due to the
gravity loading.
Combined discrete/continuum approach for minimum compliance
Next, in Figure 4.7(b), the results are shown using the discrete/continuum implementation
proposed here; the associated column sizes are given in Table 4.2. These results confirm those
of Fig. 29 in [175] when the cross-sectional areas are added to the optimization problem.
Moreover, the resulting column sizes are very close to the case of constant stress, as expected.
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(a) (b) (c) (d) (e) (f)
Figure 4.7: Topology optimization of a six-module structure: (a) problem statement and discrete
solution, (b) compliance, (c-d) buckling and corresponding final critical mode, (e-f) multi-objective
and final critical mode
Combined discrete/continuum approach for maximization of critical buckling load
When these applied loads are inverted from horizontal (lateral wind load) to vertical (gravity
load), the results of Figure 4.7(c) are produced with the associated optimal member sizes
given in Table 4.2. Figure 4.7(d) shows the corresponding final critical buckling load. We
note here that the buckling objective function also takes more iterations for the optimal
geometry to converge than that of compliance.
Combined discrete/continuum approach for multi-objective optimization
In Figure 4.7(e), the results are shown using the proposed framework for multi-objective
optimization of minimum compliance under a wind loading in addition to maximum of
critical buckling load for gravity loading. Figure 4.7(f) shows the corresponding final critical
buckling load for the multi-objective optimization.
4.8 Concluding remarks and extensions
The methodology presented here is useful in determining the optimal geometry of structural
systems for high-rise building design, which includes the sizing of the columns throughout
the procedure. This approach can be generalized for several other objectives, including
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Discrete formulation
Variable ObjectiveCompliance Buckling Multi-Objective
c (MN -m) 10.26 12.19 10.91
Pcr 220.3 262.9 250.3
A1
 
m2
 
0.6941 0.6477 0.6603
A2
 
m2
 
0.4565 0.5133 0.4724
A3
 
m2
 
0.2686 0.3559 0.3207
A4
 
m2
 
0.1310 0.2012 0.1953
A5
 
m2
 
0.0438 0.0765 0.0603
A6
 
m2
 
0.0064 0.0119 0.0211
Integrated discrete/continuum formulation
Variable ObjectiveCompliance Buckling Multi-Objective
c (MN -m) 9.545 10.744 9.801
Pcr 308.59 310.78 309.34
A1
 
m2
 
0.6405 0.6276 0.6063
A2
 
m2
 
0.4338 0.4905 0.4583
A3
 
m2
 
0.2448 0.3169 0.2878
A4
 
m2
 
0.1041 0.1532 0.1330
A5
 
m2
 
0.0276 0.0441 0.0377
A6
 
m2
 
0.0032 0.0077 0.0070
Table 4.2: Comparison of objectives and cross-sectional areas for the problem in Fig. 4.7
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compliance, deflection, eigenfrequency, etc. The primary contributions of this work can be
briefly summarized as follows:
• Linearized buckling has been investigated as an objective for the optimization of high-
rise building problems.
• The single objective problem, including the associated sensitivity derivations, has been
generalized for other objective functions, including combinations of these objectives
into a multi-objective topology optimization framework.
• The discrete/continuum framework, originally presented in [175] was extended to simul-
taneously optimize the cross-sectional areas of the discrete elements and the densities
of the continuum (polygonal) elements.
As an extension of the work presented here, the incorporation of other objective functions,
such as natural frequency, deflection, stress levels, etc., in addition to nonlinearities asso-
ciated with the buckling problem (i.e. incorporating P     and second order eﬀects) are
currently under investigation. Additionally, it would be of benefit to explore the framework
proposed here for strength design, where lateral and gravity loads are applied simultaneously.
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Chapter 5
An Object-Oriented Framework for
Finite Element Analysis Based on a
Compact Topological Data Structure
This chapter describes an ongoing work in the development of a finite element analysis
system, called TopFEM, based on the compact topological data structure, TopS[41, 42].
This framework was written to take advantage of the topological data structure together
with object-oriented programming concepts to handle a variety of finite element problems,
spanning from fracture mechanics to the topology optimization problems (presented in this
thesis), in an eﬃcient, but generic fashion. Throughout this chapter, the class organization of
the TopFEM system is described and discussed within the context of other frameworks in the
literature that share similar ideas, such as GetFEM++, DealII, FEMOOP and OpenSees.
The capabilities of the proposed framework are also illustrated through several numerical
examples.
The main contributions of the author to this computational framework (TopFEM) can
be summarized as follows:
• addition of discrete 3D beam and truss elements to the finite element and topology
optimization frameworks
• modifications for the concurrent analysis and optimization of continuum (Q4, B8, etc)
elements and discrete (beam/truss) elements
• incorporation of layout constraints (mappings for symmetries, patterns, projection,
etc.) necessary for the topology optimization framework
• benchmarking of the proposed framework against those in the literature
5.1 Introduction
In the past few decades, the presence of the finite element method has become more important
in both research and industry, due to its ability to analyze and study detailed information
that other tools cannot provide [108, 126]. This growth has left practicing engineers with
a steadily increasing need for more computational power. With today’s technology, designs
continue to grow larger and faster, resulting in finite element models containing millions of
elements that must be handled in an eﬃcient and timely fashion. Furthermore, as computer
88
hardware continues to advance, there is a necessity for software to grow accordingly to make
the process capable of handling such large problems in the fields of solid, structural and fluid
mechanics.
Object-oriented programming has become more common for computationally intensive
finite element applications spanning the field of continuum mechanics (e.g. aeronautical,
automotive, biomechanical industries) due to its flexibility from the concepts of inheritance,
polymorphism and encapsulation; however, the eﬃciency of these programs can be impacted
significantly by the underlying data structures. In this chapter, we introduce a new finite
element analysis program (TopFEM) based on the concepts of object-oriented programming
in conjunction with the topological data structure to create a robust framework for adaptive
finite element problems. TopFEM was implemented in a way such that (i) the data structure
(TopS) stores only node and element data explicitly, with other topological entries implicitly
represented (i.e. they are only retrieved when needed) and (ii) expansion of the program is
straightforward, as in other frameworks.
5.1.1 The Topological Data Structure (TopS)
Typical data structures consist of element-node mesh representations with tables to store
the node and element information using the node incidence. While this data structure is
seemingly simple and easy to implement, often it suﬀers in terms of eﬃciently providing
the necessary adjacency information required to solve several problems (e.g. fragmentation
simulation, visualization techniques) [70, 145, 21, 199, 45]. The topological data structure
(TopS) [41, 42] instead contains a complete and compact data structure which utilizes a
relatively small amount of memory, while still providing the user with access to all topological
entities. Furthermore, TopS is extremely applicable to adaptive meshes.
TopS uses abstract topological entities (facet, edge, vertex) to represent a finite element
mesh. With large models, the amount of data can require extensive storage space if not
carefully considered often rendering large models cost prohibitive. Moreover, the access
to each topological entity can be computationally intensive and relatively complex making
it diﬃcult for the user to edit or query the data eﬃciently. Thus, the topological data
structure selected here is extremely well suited for the problems we aim to solve due to its
(i) compactness, (ii) completeness and (iii) adaptivity.
The data structure used in this work is compact in comparison with other data structures
in the sense that the storage space requirement is reduced, but topological information can
be retrieved in constant time, or time proportional to the output size [41, 42]. The rationale
behind the reduced storage space can be explained by the fact that only nodes and elements
are explicitly stored in internal arrays, using a relatively small amount of memory. In finite
element meshes, the node and element arrays are the most important entities in the respect
that they can be used alone to construct a finite element model; therefore, the node and
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element entities are selected to be stored explicitly. In many finite element representations,
the nodal array typically stores the {x, y, z} position in space for each node, and the element
array holds connectivity information. Conversely, in the topological data structure, TopS,
the nodal array is modified to store both position and a reference to one adjacent element, E.
Each element is identified by its <ID>. The element array stores the incidence (inc[]) and
references to the adjacent elements (adj[]). There is an array for each type of element and,
therefore, each element is identified by the tuple <type,ID>. Furthermore, the topological
entities (facet, edge, vertex) are all implicitly represented, that is, conceptually they exist,
but they are not directly stored in the memory - their representations are retrieved “on-the-
fly”. All the entities, both explicit and implicit, are represented by 4-byte word values with
one class for each type. From the client (analysis code) point of view, however, there is no
diﬀerence between the explicit and implicit entities; the client has access to all types in a
uniform, transparent way.
A complete data structure is one in which all the adjacency relationships can be derived
from the stored data [196]. Thus, TopS is complete due to its ability for the client to
access all topological adjacency relationships between any pair of defined entities in the
finite element mesh by using the fixed topology of the elements. Inspired by [196, 195],
this data structure uses oriented (implicit) and non-oriented topological entities to access
all adjacency information. The oriented entities represent the specific use of a topological
entity by an element. These oriented entities consist of the use of each edge, facet, and
vertex entity. Since the oriented entities are implicitly represented, they do not require any
additional storage. These entities are represented by the element and the associated local
id, (<E,id>). The non-oriented topological entities refer to the edges, facets, and vertices,
which are anchored to an element (i.e. elements have a bit-field indicating its use as an
anchor) and represented by its use associated to the anchoring element.
The adaptivity of the topological data structure refers to its capabilities to easily modify
the mesh, as is necessary in the case of fragmentation simulations [134, 133]. In adaptive
fragmentation simulations, cohesive elements are inserted along element interfaces, where
edges, nodes or vertices may need to be duplicated. With the topological data structure,
TopS, topological adjacency information required to make such modifications in the finite
element mesh can be easily retrieved, and the elements can be inserted in time scaling linearly
with the number of elements. Moreover, with the non-oriented entities defined as described
previously, the management of the implicit entities is simplified because there is no need to
keep track of orientation changes when the mesh is modified.
5.1.2 Parallel/distributed computing
Over the last few years, computer processors have grown faster by increasing parallelism to
eﬃciently solve large-scale engineering problems, in place of the single processor machines
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predominately used before for such computationally heavy tasks. Thus, recent attention has
been given to the parallel and distributed computing environments, where each computer
has its own local private memory with access to the memory of other machines to exchange
information when numerical simulations are prohibitively expensive for a single processor.
The use of object-oriented programming is especially suited for parallel and distributed
computing applications due to its ability to easily incorporate modifications in data struc-
tures for parallel/distributed computing, such as abstractions for data mapping, communi-
cation and message passing [108]. Thus, the TopFEM framework is flexible enough to be
used across many diﬀerent computer platforms.
To incorporate such object-oriented programs into parallel computing environments,
many modern libraries have been developed, such as ParTopS [61] for dealing with the
data structure, and PetSC [16, 17, 18], PARDISO [158, 159], and AMD Core Math Library
(ACML) [8] for parallel linear algebra (linear solvers), among others. Such libraries can be
easily implemented as extensions of the current object-oriented framework, however, some
challenges result, including decomposing computations between processors, dynamic mesh
partitioning (load balancing among processors), eﬃcient communication between partitions,
and adaption of current serial algorithms for parallel execution. For a discussion on these
issues, the interested reader can refer to [100, 146, 162]. For linear systems of equations,
TopFEM uses a base class/derived class interface with these libraries to extend them to par-
allel/distributed computing in a manner similiar to the Actor Model of OpenSees, in which
the Actor abstract base class provides methods for decendent classes to communicate with
their Shadow objects [115].
5.2 Object-oriented finite element concepts
Significant research has been conducted to demonstrate the eﬀectiveness of finite element
applications based on object-oriented programming. A detailed discussion on incorporating
finite element concepts in an object-oriented framework is included in the work by Filho
[65] and the series of papers by Zimmermann et al. [208, 60, 59, 209, 62, 64, 63], where
they prove that object-oriented programming can be used to achieve appropriate levels in
development speed, ease of maintenance, software reliability and reusability. We discuss the
main contributions of an object-oriented framework for finite element programming next.
5.2.1 Related work
Object-oriented programming has been incorporated into finite element applications for ef-
ficiency, organization and reusability in previous work. Here, we give a brief review of the
existent work that has been presented on object-oriented finite element programming.
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One of the first implementations of finite element programs using object-oriented concepts
was presented in the paper by Filho [65] and in a series of papers by Zimmermann and
Dubois - Pèlerin [208, 60, 59]. In this early work, they demonstrate the numerical eﬃciency
of using the C++ programming language (in comparison to Fortran), and its flexibility and
capabilities to interface with the heavily used C-language.
The finite element framework using object-oriented programming developed by Rucki and
Miller [156] provided “new levels of computational flexibility for general finite element-based
structural modeling” to use classes to define the finite element modeling abstractions. This
framework was developed to support a wide range of algorithmic methods and techniques
which included degree of freedom and element-based, iterative and direct algorithms for
nonlinear problems in static and dynamic contexts
These concepts were explored further in the work of McKenna [115], known commonly
nowadays in the engineering community as OpenSees (Open System for Earthquake En-
gineering Simulation), or previously as G3 [117]. This work emphasized the concept of
breaking computations down into tasks, that are then assigned to processes. These tasks
were especially suited for object-oriented programming due to the intrinsic nature of tasks as
the invocation of object methods, where the tasks share common data that could be easily
managed in this framework.
Another piece of work initiated in the early 1990s was FEMOOP [110], which provided
an object-oriented framework for finite element problems. Using two OOP classes, Analysis
Model and Shape, FEMOOP was developed to handle multidimensional models and asso-
ciated natural boundary conditions in a generic fashion. Similar to TopFEM, for example,
the Element class has references to the Shape, Analysis Model, and Integration Point
classes, which define generic behaviors. For instance, the Shape class contains geometric and
field interpolation information, such as the dimension, shape, number of nodes, etc. The
Analysis Model defines the behavior for the type of analysis to be performed (e.g. plane
stress, plane strain, solid, 3D beam/truss, etc.). The Integration Point class, or Gauss
class in TopFEM, holds information about the integration order, number of points, coor-
dinates, weights, etc. Thus, for each element, a method to compute the stiﬀness matrix is
independent of the specific shape (quadrilateral, hexahedral, etc.), dimension (1D, 2D and
3D), and interpolation order (linear, quadratic, and so on).
Similarly, the GetFEM++ (Generic Toolbox for Finite Element Methods in C++) library
[68] also features generic management of meshes (i.e. arbitrary geometry, arbitrary dimen-
sions), some generic assembling methods, and interpolation methods. Instead of using the
topology to describe a finite element model as TopFEM does, the GetFEM++ framework
describes models in the form of bricks, with the objective of high reusability of the code. The
system of bricks is used to assemble components for a variety of model types (small/large
deformations, Helmholtz, elliptic, etc.), components representing boundary conditions and
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components representing constraints [147].
Another finite element program library, known as deal.II (A Finite Element Diﬀerential
Equations Analysis Library) [19], is based on the data structure, p4est [38]. The p4est data
structure, like TopS/ParTopS, is implemented to adaptively refine and coarsen meshes for
parallel computing, as in the case of fracture simulations. However, while TopS/ParTopS
uses the connectivity and topological information for adaptivity and coarsening, p4est uses
a forest of two-dimensional quadtrees or three-dimensional octrees.
A related framework, referred to as NLS++, was presented in [103]. In this work, the use
of object-oriented programming is demonstrated for implementation of a unified library of
several nonlinear solution schemes in finite element programming. Since the solvers share a
common interface, object-oriented programming was crucial to establish the class structure
within this framework (consisting of Model, Control and Linear Solver classes).
In the TopFEM framework presented here, we propose a new object-oriented program
using the concepts of the topological data structure and object-oriented finite element pro-
gramming. The topological data structure was selected to eﬃciently represent finite elements
of any type, while utilizing the concept of oriented entities to significantly reduce the storage
space requirements. The object-oriented finite element programming portion was inspired
by FEMOOP [110] and OpenSees[115] as described above, due to their clear organization
and flexibility.
5.2.2 Object-oriented programming for finite element applications
In finite element applications based on object-oriented programming, the objects are bro-
ken down in order to provide flexibility in the creation of diﬀerent analysis [59, 115, 110].
This process is performed by identifying the main tasks to be completed in an analysis, ab-
stracting them into separate classes, and specifying an interface to facilitate the interaction
between classes and allow for straight-forward introduction of new classes [117] For example,
in the class organization implemented in OpenSees, the creation of the Analysis class as
an aggregation can only be performed after the Integrator, SolnAlgorithm, Constraint
Handler, and so on classes are created. This concept is important in that small objects can
be used in aggregation to compose larger objects for performing a task.
Another essential concept involved in object-oriented finite element applications is the
use of diﬀerent levels. For example, the analysis and the element levels are independent so
that they are easily extendable, but can communicate with each other. The communication
of these two levels is made in two directions, for example, the Analysis class will need to
update the Domain class at some point, and vice versa. This communication is important
for future developments in the parallel/distributed field, for example.
In the next section, we will discuss the significance and application of these two main
ideas within the TopFEM framework, including a detailed description of the interaction
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between classes and the hierarchical structure of the program.
5.3 The TopFEM System
The TopFEM system is a finite element analysis framework based on the TopS [41, 42, 61]
topological data structure. By using a complete and compact data structure, analysis codes
can take advantage of eﬃcient topological queries and mesh modification operations required
by some classes of applications, e.g. fracture propagation [132, 134] and adaptive simulations.
One of the main goals of the TopFEM system is to provide a common basis onto which
independent finite element analysis codes can be consistently integrated. While still in an
early stage of development, the current implementation of the TopFEM system has been
successfully applied to the solution of a variety of problems, as discussed in Section 5.4. The
basic class organization of the system is briefly presented next.
The FemDomain class (Figure 5.1) is a container responsible for storing the finite element
mesh and associated model attributes, such as materials, boundary conditions and load
objects. Although in the context of traditional FEM the only data structures required for
representing the finite element mesh are a table of nodes and a table of elements, in TopFEM,
however, the mesh is represented by a TopModel object, provided by the TopS data structure.
As a result, eﬃcient access to the complete set of topological relationships is made available
to the analysis application without significant additional memory and performance penalties
compared with the simple mesh representation.
Per-element and per-node attributes are represented by the FemNode and FemElement
classes (Figure 5.1), which are associated to the corresponding topological entities in the finite
element mesh, TopNode and TopElement.The TopNode entity and its associated attribute set
(FemNode), correspond to a discrete point in the finite element domain for which response
quantities are defined. The function of TopNode is to store the geometric coordinates of the
point, while FemNode is responsible for the response quantities (e.g. displacement, velocity
and acceleration). Each TopElement is connected to a number of TopNodes. Topological
information such as the number of nodes of an element and node identifiers are obtained from
the element through the interface of the TopModel class. The FemElement object associated
to a TopElement entity is responsible for computing analysis-specific element quantities, such
as stiﬀness and damping matrices.
The separation of concerns between mesh representation and analysis attributes (the finite
element domain) allows either the mesh representation or analysis attributes to be replaced
or adapted regardless of each other, in order to suit diﬀerent application needs. Specific
node and element data and behavior required by an analysis application can be modeled
through specialized subclasses of FemNode and FemElement, respectively. This allows the
TopFEM framework to be extended with new types of nodes and elements. Nodal and
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FemDomain TopModel
TopNode
TopElement
FemElement
FemNode
FemParametricElement FemBeamElement
Figure 5.1: FemDomain class structure using for storing a finite element mesh and associated at-
tributes (i.e. materials, boundary conditions, loads). The box illustrates the separation between
the mesh and analysis domains.
FemShape
FemShapeT6 FemShapeTetr4
FemIntegration
FemGauss
Figure 5.2: FemShape class used to specify element shape functions and associated behavior infor-
mation
element attributes are eﬃciently stored in dynamic arrays that are automatically managed
by the TopS data structure. This grants the analysis application fast indexing of data and
avoids memory fragmentation associated to linked lists.
In order to promote the reuse of numerical analysis code, additional helper classes are
provided by TopFEM, which can be combined to form specialized element and node at-
tributes. The FemShape class (Figure 5.2) specifies an element shape function along with
all the behavior associated to the interpolation and mapping between natural and Carte-
sian coordinate spaces. The FemIntegration class (Figure 5.2) specifies the method and
order of numerical integration within an element, and contains the behavior associated to
the computation of the integrals over the element.
The FemAnalysis abstract class (Figure 5.3) defines a common interface for general finite
element analyses. It is responsible for forming and solving the governing equations for the
finite element model and updating the response quantities at nodes and elements. The main
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FemAnalysis
FemIntegrator
FemSolutionAlgorithm
FemSystemOfEquationsFemDomain
FemLinearSolver
Figure 5.3: FemAnalysis class for creating and modifying the governing equations in finite element
analyses
tasks performed in a finite element analysis are abstracted into separate classes as follows:
FemIntegrator, FemLinearSolver and FemSolutionAlgorithm.
The FemIntegrator class is responsible for computing the contributions of the FemElement
and FemNode objects to the system of equations. The FemLinearSolver is responsible for
storing and solving the systems of equations used in the analysis. The FemSolutionAlgorithm
performs an equilibrium analysis on the FemDomain to find the equilibrium state. Examples
of subclasses of FemSolutionAlgorithm are FemLinear and FemNewtonRaphson.
5.4 Numerical Examples
In this section, we analyze and present several examples to highlight the capabilities of the
TopFEM program, using both a Crout solver and an UMFPACK (unsymmetric multifrontal
sparse LU factorization package) solver [54, 55, 52, 53].
5.4.1 Finite element analysis and performance
The first example presented here is the analysis of a large three-dimensional structural model
of a building. The model includes 6,104 beam elements and 4065 nodes, with a total of 24,390
degrees of freedom. The loading and boundary conditions are shown together with the finite
element model in Figure 5.4.
In Table 5.1, we report the maximum displacements and rotations computed with the
TopFEM framework at the top central node of the model (Node 4062) and compare the
results to several other structural engineering commercial software packages. We observe
that TopFEM with the UMFPACK solver performs comparably to other commercial soft-
ware packages.
96
YX
Z
4065
6104
0
0
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Beams
Plates
Bricks
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Paths
0
0
0
0
0
Vertices
Edges
Loops
Faces
Surfaces
View
RX:  -60.0
RY:    0.0
RZ:  -54.7
Load Case 1
Freedom Case 1
Strand7 R2.4.4 [Licenced to:Skidmore, Owings & Merrill, LLP]
Figure 5.4: Structural model of a 3D building with 6,104 beam elements, 4065 nodes, and 24,390
degrees of freedom used to demonstrate the capabilities of the TopFEM software
Table 5.1: Performance of building analysis
Software Solver Elapsed Max. Displacement at Node 4062 (m,rad)Time (s) Dx Dy Dz Rz Ry Rz
TopFEM UMFPACK 0.548 0.7613 0.000 0.000 0.000 0.002015 0.000CROUT 1.690 0.7613 0.000 0.000 0.000 0.002015 0.000
ABAQUS ABAQUS/Standard 1.000 0.7613 0.000 0.000 0.000 0.002015 0.000
Strand7 Unknown,sparse 0.858 0.7613 0.000 0.000 0.000 0.002015 0.000
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5.4.2 Topology optimization using the TopFEM framework
An application of the TopFEM framework is evident within the context of topology opti-
mization problems. Topology optimization is a relatively new and powerful tool in the field
of structural mechanics, where the goal is to find the optimal layout of a structure within
a specified region [29, 151]. Using topology optimization, the geometric representation of a
structure can described as similar to a black-white rendering of an image with “pixels” given
by the finite element discretization [29]. The general optimal design problem can be stated
as follows:
min
d
f(d,u) (5.1)
s.t. gi(d,u) = 0 for i = 1, . . . , k
gi(d,u)  0 for i = k + 1, . . . , m
where f is the objective function; d is the design field, u is the response, which are related
through the equality and inequality constraint functions gi. A canonical example is the
minimum compliance problem:
min
d
f(d,u) = uTK(d)u (5.2)
s.t. g1(d,u) = K(d)u  p
g2(d) = V (d)  V
where f is the structural compliance, g1 represents the equilibrium constraint, while g2 is the
constraint on the allowable volume of material, V . For demonstrative purposes, we will use
the minimum compliance problem throughout this section, though other objectives, such as
eigenfrequency, maximum critical buckling load, stress, etc. are also applicable.
For the first problem, topology optimization is performed on the Lotte Tower in Seoul
(South Korea) (see [173]). The tower uses an exterior diagrid structure transformed in shape
from a square at the base to a circle at the top. The tower is modeled with 12,800 brick
(B8) elements and 25,760 nodes, and has 76,806 degrees of freedom.
In Figure 5.5, the results for the topology optimization for the model are shown, where
the analysis at each iteration was performed using the TopFEM framework.
Next, an example illustrating the combination of discrete and continuum elements for
building design (see Fig 29 of [175]) is studied using topology optimization with the TopFEM
framework. Since this framework was written in a generic fashion, the incorporation of
diﬀerent types of elements was straightforward.
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Figure 5.5: Physical model, renderings and topology optimization results of a 3D building with
12,800 brick (B8) elements, 25,760 nodes, and 76,806 degrees of freedom used to demonstrate the
capabilities of the TopFEM software (left and central figures courtesy of Skidmore, Owings &
Merrill)
X
Y
Z
Strand7 R2.4.4 [Licenced to:Skidmore, Owings & Merrill, LLP]Figure 5.6: Finit element model and topology optimization results of a 3D building with 24 beam
elements, 9120 brick (B8) elements, 18,392 nodes, and 55,176 degrees of freedom
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5.5 Conclusions
In this chapter, we have presented the development of a finite element analysis system,
TopFEM, based on the compact topological data structure, TopS [41, 42]. This new frame-
work was written to take advantage of the topological data structure together with object-
oriented programming concepts to handle a variety of finite element problems, such as those
presented throughout this thesis.
The class organization of the TopFEM system was also presented and discussed in com-
parison to other frameworks in the literature that share similar ideas, such as GetFEM++,
deal.II, FEMOOP and OpenSees. The main diﬀerence with TopFEM is the way in which
the connectivity and topological information for adaptive mesh refinement is handled. The
topological data structure is used to represent finite elements of any type, while utilizing the
concept of oriented entities to significantly reduce the storage space requirements.
The eﬀectiveness of the TopFEM framework was demonstrated through numerical exam-
ples illustrating the analysis capabilities, in addition to its application in topology optimiza-
tion. We showed how TopFEM can provide a common basis onto which independent finite
element analysis codes can be consistently integrated in the topology optimization context.
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Chapter 6
Structural Optimization Using Maxwell’s
Reciprocal Diagrams and Graphic
Statics
In this chapter, two legacies of James Clerk Maxwell’s ground-breaking paper, “On Recip-
rocal Figures, Frames, and Diagrams of Forces” [112, 113] are united: (i) the fundamental
theorem used by [119] to derive trusses of least weight and (ii) reciprocal frames. Using
graphic statics, some remarkable relationships between discrete Michell frames and their
corresponding reciprocal force polygons are discovered [15]. Several examples are given to
illustrate the notions of duality and self-reciprocity in these diagrams, with particular em-
phasis placed on discrete optimal benchmark structures.
Then, the use of graphic statics as a method for interpretation and structural optimiza-
tion of continuum topology optimization results is demonstrated. As opposed to traditional
structural optimization techniques, which are typically conducted by manipulating the geom-
etry of the structure (the form diagram), the approach presented in this chapter establishes
a graphic statics solution to the problem, where structural optimization is conducted using
design variables in the force domain (force diagram). The proposed approach presents sev-
eral attractive features compared to traditional approaches. Since it is based on reciprocal
graphical relationships between form geometry and forces, member stiﬀnesses need not be
calculated. Additionally, by working on the force diagram, equilibrium of the solution is
guaranteed, and no additional methods are required to enforce this condition; for example,
there is no need to triangulate the structure or to add small area members. Furthermore,
because only solutions that are in equilibrium are permitted, the number of design variables
can be reduced, as discussed next.
6.1 Introduction
Structural topology optimization is a powerful and well-established technique to determine
the optimal geometry to design eﬃcient systems. Optimization has been successfully used
in many fields of science, for example, see [166, 97, 178, 1]. In structural engineering, as part
of the natural design process, we continuously seek eﬃcient structures and corresponding
methodologies to find such structures. These resulting structures must achieve the intended
purpose, while typically keeping the cost (and generally the use of natural resources) to a
minimum.
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There are several methods that have been used for structural optimization, and their
utilization depends on the specific project or application considered. These methods include
topology optimization, shape optimization, size optimization, and form finding, amongst
others. Solutions to these methods can be determined in closed-form for only a limited
number of cases, e.g., the Michell trusses [119]. For structures with more complex loadings
and geometries, closed-form solutions are generally not possible; thus, numerical methods
must be employed to find the optimal topologies.
6.1.1 Advantages and shortcomings in structural optimization
Several methodologies have been developed to find eﬃcient structures by means of opti-
mization algorithms. The following is a brief overview of some of these methods and their
advantages and shortcomings.
One of the most commonly used approaches is topology optimization by means of a
material distribution problem, which is typically based on the Solid Isotropic Material with
Penalization (SIMP) model [154, 207, 28]. Using this approach, resulting designs can have
any size, shape and connectivity. This solution provides valuable insight about the geometry
of the layout of the members of the optimal structure. However, one of the issues associated
with such a solution is its associated discretization. To physically realize the resulting design
in projects of an architectural scale, the finite element densities must be discretized into line
elements representing beams, columns and braces, as part of the design process. This often
poses some challenges to the designer. Since the precise locations of the nodes can be subject
to interpretation, the resulting discrete structure may be diﬃcult to interpret.
Another popular alternative for structural topology optimization is the ground structures
approach, which is conducted using discrete members. In these methods, the design problem
typically consists of assuming a base or ground structure with a given layout of members,
where the optimization can be conducted as a sizing problem with the cross-sectional areas
as the design variables [2, 24, 128, 29, 170, 44]. In these methods, the final designs are
already discretized but often with thousands of members. Limitations include the inability
for the design domain, shape or connectivity of the members to change; however, members
may be removed throughout the process as they attain zero (or very small) areas. One of
the major disadvantages associated with these approaches lies in the large number of design
variables (cross-sectional areas) required to solve the problem at hand. Thus, in order to
create a practical structure, the structural engineer must interpret a structural layout with
a limited number of members.
Other truss optimization techniques include optimizing the structure by changing the
position of the elements using their nodal coordinates as design variables, where the ele-
ment cross-sectional areas can also be included to add or remove material depending on the
structural configuration [78, 114].
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Figure 6.1: John Hancock Center in Chicago, IL (notice the small scale of the main structural
members compared to overall size of the building)
In the design of large structures, a limited number of discrete members is typically used.
Often these members are primarily axial force members and have limited flexural stiﬀness.
Unfortunately, many of the existing tools for developing optimal topologies either have a very
large number of elements (ground structures) or have members with substantial widths (e.g.,
density methods). A structure with a large number of members is generally impractical
because of the costs associated with fabrication and architectural constraints. The density
methods often result in solutions with wide principal members that have flexural stiﬀness,
which is generally not achievable in large scale structures. Fig. 6.1 shows the main structural
system of the John Hancock Center building in Chicago, where it can be seen that these
members are very narrow relative to the scale of the building and therefore have limited
flexural stiﬀness. This figure also illustrates that large scale braced structures generally have
a limited number of axial members. That said, ground structure methods and density meth-
ods can provide valuable insight in creating a general arrangement of elements for use in
other optimization techniques such as those suggested in this chapter. As shall be explained
below, graphic statics provides a useful optimization approach for a given connectivity of
elements. The initial connectivity can be determined first by analyzing the problem through
ground structures or density methods and then by interpreting an appropriate element con-
nectivity. Furthermore, in many practical designs, architectural and practical considerations
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may influence the number of members to be selected.
6.1.2 Motivation for graphic statics
Many optimal design problems, such as a “tied arch”, concern primarily axial member struc-
tures, where the natural flexural stiﬀness of the arch and/or the deck provides stability to
the final structure. When these types of structures are designed, the arrangement of the
axial members (truss members) are the primary concern and the structure may not be fully
triangulated, resulting in numerically “unstable” structures that must be triangulated during
the optimization process. Optimal structures typically have only the minimum number of
elements required to support the applied loads (i.e. they may not be as stable as trusses),
and they are not always stable under other load cases. This characteristic often creates prob-
lems in stiﬀness and/or finite element methods used during the solution of the optimization
problem; these structures can become “unstable” resulting in a singular stiﬀness matrix that
cannot be analyzed (see Fig.6.2(a)).
One approach to circumvent this problem is to include additional members in the struc-
ture, which create a triangulated, and therefore stable, structure. Fig. 6.2(a) shows a basic
sixteen-panel structure, which produces a singular stiﬀness matrix. To alleviate stability
issues, additional members can be added to the structure, as shown in Figures 6.2(b)-(d).
One question arises immediately, does the layout of these additional members influence
the final solution of the optimization process? In theory, these additional members at the
end of the solution should have zero area, as they are only required for the method used to
determine the solution; however, in finite element methods, members with zero area have
no stiﬀness, and therefore make the stiﬀness matrix singular. To solve this problem, many
solutions have been proposed which require that a minimum element area is defined, or the
elements have to be removed from the solution once their area falls below a certain value.
Both of these measures have limitations: for the first one (minimum element area), the value
selected has to be small enough not to influence the solution, and large enough not to cause
numerical problems during the inversion of the stiﬀness matrix. The second approach, in
addition to the problem of determining which value is an adequate threshold for the problem,
is inconvenienced by the fact that a member that is actually part of the optimum solution
can be eliminated during the optimization process (for example, based on a local optimum).
Another approach for structural optimization, which is proposed in this chapter, consists
of using graphic statics to define the variables of the optimization process. In this chapter, the
optimization problem is conducted in the force domain using the force diagram, as opposed
to previous approaches which conduct the optimization in the geometry domain using the
form diagram. Thus, the optimization variables for the proposed methodology consist of the
coordinates of the points (nodes) in the force diagram. As described later in more detail, the
use of graphic statics can provide the following advantages for certain types of problems, as
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(a)
(b)
(c)
(d)
Figure 6.2: Triangulated structure for conventional structural optimization (additional members
shown with dashed lines): (a) Structure without additional members, (b) Option 1 for additional
members, (c) Option 2 for additional members, and (d) Option 3 for additional members
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compared to the traditional approach:
• There is no need to triangulate the domain with members of very small areas, which
can create numerical diﬃculties.
• The results are always feasible if the members form closed polygons in the force domain
(i.e. equilibrium is guaranteed).
• Using graphic statics, there is no need to compute or assemble stiﬀness matrices; only
simple graphical relationships are needed.
• Subject to certain relationships, the final location of the loads (or supports) do not
need to be specified a priori but can change as the optimal solution is found.
• Graphic statics can readily accommodate diﬀerent tensile and compressive stresses.
• The equilibrium constraints in the force diagram reduces the number of design variables
required.
6.2 Background
Topology design of truss structures in the form of grid-like continua has been studied exten-
sively in the past, starting with the ground-breaking paper by [119] [29]. In this section, we
give a brief overview of existing truss optimization techniques and highlight the advantages
and limitations of incorporating graphic statics in the classical layout problem.
6.2.1 Structural optimization of trusses
The first fundamental properties of optimal truss-like continua were established starting with
Michell’s seminal paper “The Limits of Economy of Material in Frame-structures” [119]. This
was later studied and expanded upon by [137, 80, 148, 140, 149], which has become the well-
known modern layout optimization theory. Other contributions to the field were the early
numerical methods developed by [66, 58].
The so-called ground structures method is commonly used today, in which the layout of a
truss can be found by creating a set of connections between a fixed set of nodal points as po-
tential or vanishing structural members [29]. Though these methods provide valuable insight
to the optimal design problem, they are often limited in the sense that the fixed nodal points
and solutions are highly dependent on the choice of the initial ground structure. Further-
more, the optimization process typically consists of a large number of members that cannot
be achieved in a practical structure. Moreover, these problems are typically formulated in
terms of any cross-sectional area, which may not always be feasible to practicing structural
engineers.
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Continuum methods have been proposed by [27, 26, 206, 154, 29], in which each finite
element can be compared to a “pixel” in a black-white raster of an image. These have
become highly popular due to the fact that the physical size, shape and connectivity does
not need to be specified a priori. However, one of the major disadvantages of continuum
topology optimization using numerical methods lies in the interpretation of the final results.
Often the final design contains thick regions of solid (“black”) material, and therefore, finding
the optimal nodal locations is subjective when discretizing the final design into beams and
columns. These thick regions of material present in such results also give unrealistic flexural
stiﬀness that may bias the solution.
In this work, we use graphic statics to formulate an alternative methodology to those
listed above for practicing engineers, as described in the next section.
6.2.2 A History of graphical methods
The origin of graphic statics can be traced back to the writings of Simon Stevin [172], in
which a parallelogram rule using force vectors and polygons was first used to analyze forces
in a structure. Later, Pierre Varignon [187, 188] demonstrated the law of force polygon
and introduced the use of funicular polygons, but graphical (equilibrium) analysis using
vectorized diagrams was not formalized until Culmann wrote his Die graphische Statik [50,
31].
It was Maxwell, however, who first introduced the notion of structural reciprocity to solve
structural frames [112, 113]. In these papers, Maxwell describes how one could find forces
in structural frames: a reciprocal diagram can be generated by drawing lines perpendicular
to the lines of action of the structural members, such that all members connected at a
single node create a polygon. The resulting diagrams were considered reciprocal, as Maxwell
defined, “two figures are reciprocal when the properties of the first relative to the second are
the same as those of the second relative to the first”. The resulting lengths of the lines
in the new diagram are proportional to the forces in the original member diagram. This
concept is described in more detail in Section 6.3.1. Also, in this work, Professor Rankine
was acknowledged for being the first one to apply the most general statement of graphical
methods at the time.
Luigi Cremona [49] further refined the method by introducing a diﬀerent node to polygon
mapping technique, in which the lines in the force diagram were parallel to the lines of action
of the structural members. These diagrams were easier to read than those of Maxwell, which
were rotated 90 . The graphic statics method introduced by Cremona became so popular
that nowadays, the graphical method of solving structural trusses is often called the Cremona
method.
Other contributors to the graphical methods include Levy, who used them to calculate
trusses and masonry arch bridges in [104]; Poleni; Lame and Clapeyron; Poncelet; Rankine;
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Bow; Mohr, and Ritter. For more information, the interested reader can refer to the work of
Wolfe [200], which explains how to solve various structural problems using graphic statics.
The book by [204] also presents step-by-step instructions for construction of the form and
force diagrams, which we discuss briefly in the next section.
Recently, graphic statics have been used in [31] and [32] for the understanding of arch be-
havior, which is particularly useful in compression shell design. In this work, a methodology
for generating compression-only vaulted surfaces and networks based on thrust line analysis
and graphical methods is discussed. A complete review of this methodology, Thrust Network
Analysis (TNA) and its applications, with emphasis on analysis of complex masonry vaults,
can be found in [30].
6.2.3 Methodology and notation of graphic statics
As mentioned previously, Maxwell established that for certain trusses, the nodes and poly-
gons that represent the geometry of the truss have reciprocal polygons and nodes in the force
domain [112, 113]. Every node in the geometry domain maps into a polygon in the force
domain, every polygon in the geometry domain maps into a node in the force domain and
every line representing the line of action of each truss member maps into a reciprocal line
in the force domain. The mapping used by Maxwell resulted in the reciprocal lines being
perpendicular to each other. The use of a diﬀerent mapping (a hyperbola rather than a
paraboloid of revolution) by [48] results in the reciprocal lines being parallel. Because these
two figures (the form diagram and the force diagram) are reciprocal, the mapping can also
go from the force domain to the geometry (form) domain. The length of each of the lines
in the force domain are proportional to the axial force in the reciprocal line representing
the truss member. The creation of a force diagram from a form diagram (with its external
applied forces) is called graphic statics. The process of graphic statics used to be a standard
method of analyzing trusses and could be done using simple drafting tools. graphic statics is
no longer in common usage for analysis, having been replaced by more mathematical tools,
but it still can be used as a design tool and, as discussed below, as a tool in creating optimal
structures.
As discussed in [15, 14], graphic statics provides the information needed for minimizing
the load path (or volume) of a truss with specified connectivity. The form diagram provides
the length of each member and the length of each line in the force diagram provides the force
in each member. The reader is referred to [15] for a brief introduction to graphic statics and
to textbooks such as [204]. Because of the reciprocal relationships observed by Maxwell,
only simple graphical techniques are needed to determine the length of each member and
its axial force; there is no need to compute a stiﬀness matrix or to solve a large system of
equations.
Fig. 6.3 is used to illustrate the basic principles associated with the solution of a
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Figure 6.3: Reciprocal member (form) and force diagrams for six-panel truss
problem using graphic statics for a six-panel structure. The notation shown here is the
interval notation adapted from [37], given also in the textbook by [204]. On the left, the
connectivity, initial geometry and boundary conditions are shown for a given structure, with
its corresponding force diagram on the right. It can be easily seen from these two diagrams
that all of the information is given to describe the total load path: the “path” or lengths of
the members, Li, are given from the form diagram in Fig. 6.3(a) and the “load” or internal
forces in the members, Pi, are shown in the force diagram in Figure 6.3(b). For a detailed
description on how to construct the reciprocal diagrams, one can refer to the textbooks by
[200] and [204].
The information about the internal forces can be interpreted from the form and force
diagrams as follows: The capital letters, A,B,C..., are sequentially placed clockwise in the
intervals between external forces (open polygons) in the form diagram and the numbers,
1,2,3,..., are placed in the internal spaces (closed polygons) between members. Each line
in the form diagram is bordered by two polygons. Thus, a member may be called using
the corresponding letter or number of the adjacent polygons, e.g. B-3 or 6-7, and a joint
called with a series of letters and numbers, e.g. A-B-3-2-1-A. Similarly, the external forces
are called using the adjacent open polygons, for example FAB. The open polygons denoted
by capital letters in the form diagram correspond to points (nodes) on the load line of the
force diagram, denoted by the lowercase letters, a,b,c,.... The numbers denoting the closed
polygons in the form diagram also have corresponding nodes in the force diagram.
The axial force in a truss member can then be determined by measuring the length of the
reciprocal line in the force diagram. The relative scale of the force diagram is set by drawing
the load line representing the external forces to a scale. For example, the force in member A-
1 in the form diagram of Figure 6.3 is proportional to the length of the line between points
a and 1 in the corresponding force diagram. Similarly, the force in the member between
polygons 2 and 3 is proportional to the length of the line between points 2 and 3 of the force
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diagram. The remaining forces in the other members can be computed likewise. Thus, the
forces acting on a node in the form diagram correspond to a polygon in the force diagram,
where each force is a side of the polygon. For example, at node A-B-3-2-1-A, the polygon
of forces is given by points a-b-3-2-1-a. Reading clockwise around joint A-B-3-2-1-A in the
form diagram, we can determine if members A-1 and 2-3 are in tension or compression. If
we read from 1 to a on polygon a-b-3-2-1-a, we move from the left to the right, towards
the joint A-B-3-2-1-A of the form diagram. Thus, member A-1 is in compression. Likewise,
moving from 3 to 2 on the force polygon goes from the upper left to the lower right, or away
from the joint in the form diagram, so member 3-2 is in tension. The remaining forces can
be interpreted likewise.
Moreover, in graphic statics, the member lengths and forces can be determined solely
using geometry. These diagrams can be constructed with simple drafting tools (straight
edges, triangles, and a scale) or by the use of simple equations for lines and the intersection
of lines required to solve a truss.
6.2.4 Form-finding using graphic statics
Previously, the reciprocal form and force diagrams in graphic statics have been used for
structural design, as described in Chapter 14 of the book by [204]. The methodology for
form-finding of trusses graphically solves for the nodal locations that give the desired force
properties in a structure, such as a constant chord-force truss. For example, consider the
simple six-panel truss shown in Figure 6.3. If the desired force property is to have a constant
force in the bottom chord, the geometry of the truss is as shown in Figure 6.4. This can
be accomplished by manipulating the force diagram so that the lengths of lines g-1, g-2,
g-4, g-7, g-9 and g-10 of the force diagram are the same (representing equal forces), while
the points of applied loads in the top chord remain equally spaced horizontally. After the
force diagram is modified to achieve the desired properties, one can then work backwards to
find the reciprocal form diagram, resulting in the desired geometry. Note that the forces in
members 2-3, 4-5, 6-7 and 8-9 are zero because the nodes are overlaid in the force diagram on
the right. These members can be eliminated from the structure if the chords have suﬃcient
strength and flexural stiﬀness to satisfy the demand of non-uniform load cases and stability
requirements.
6.3 Geometrical reciprocity observations in optimal trusses
In this section, some noteworthy geometrical trends are described for the reciprocal diagrams
of discrete optimal trusses.
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Figure 6.4: Resulting geometry from form-finding of a constant-force truss [204]
6.3.1 Paired optimal trusses
As shown in [175], the minimal volume problem for a given set of balanced forces and nodal
connectivity can be written as follows:
min
x
V = min
x
1
 
X
|P | · L (6.1)
where   is a constant that represents the allowable stress, L represents the lengths of the
members and P the internal forces of the members. We note that if the structure is optimal,
the assumption of constant stress is valid. The quantity,
P |P | ·L, represents the total load
path of the structure; therefore, minimizing the total load path of a structure corresponds
directly to minimizing its volume. For a given connectivity of nodes, graphic statics has all
of the information needed to determine this quantity: The form diagram gives the length,
L, of each member and the force diagram gives the force, P , in each member.
A minimal load path structure can be found by changing the design variables, or in this
case, the nodal locations in the force diagram subject to the rules of reciprocal diagrams
so that
P |P | · L is minimized. The form diagram and the force diagram are, as Maxwell
noted, reciprocal. This leads to the remarkable observation that the force diagram could also
represent the geometry of another optimal truss with its own external loads. In the course
of finding one minimum load path structure, a second minimum load path structure is also
found. In addition, the forces in the second minimum load path structure are represented by
the length of the lines in the original structure. These two trusses are both discrete optimal
trusses for their external loads in the sense that they are solutions to Eq. (6.1).
In Figures 6.5 and 6.6, the structures (form diagrams) given on the left are both diﬀerent
discrete optimal structures [80, 114]. The supposition that the force diagram in Figure 6.5
is also the geometry of a second discrete optimal truss with its own loading is explored in
Figure 6.6. The geometry of the truss in Figure 6.6 (the form diagram) is taken from the
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Figure 6.5: Example illustrating the duality of optimal trusses: (a) form diagram, (b) force diagram
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Figure 6.6: Example illustrating the duality of optimal trusses in Figure 6.5: (a) form diagram, (b)
force diagram
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Figure 6.7: Example illustrating the duality of optimal trusses: (a) form diagram, (b) force diagram,
(c) dual truss
force diagram for Figure 6.5.
Now that two optimal truss geometries have been found, the remaining task is to find the
external loads that correspond to a truss represented by the geometry of the force diagram.
The external forces for this second truss are found by closing the “open” polygons of the
original form diagram in a continuous manner. The vector formed by closing an open polygon
in the original form diagram is the external force that would be applied to the node in the
force diagram that corresponds to the original open polygon. Closing the open polygons
provides the proper external forces for the dual structure because it closes the force polygon
at the node which corresponds to the open polygon in the original form diagram.
It is clear that the form and force reciprocal diagrams in Figures 6.5 and 6.6 are inter-
changeable. In order to make the relationships more clear, Bow’s notation in Figure 6.6 is
reversed.
For the problem in Equation (6.1), the lengths are taken from the truss on the left and
the internal forces from the truss on the right, though the reverse (i.e. internal forces from
the left diagram, lengths from the right diagram) would result in the same optimal solution.
The advantage to using graphic statics for this class of optimal problems is that it provides
all of the information about the loads and the paths in a graphical manner.
Another example of paired or dual discrete trusses is given in Figure 6.7, where the
discrete truss on the left (form diagram) is the minimum load path structure for a given
set of forces and nodal connectivity [137]. The reciprocal force diagram in the middle not
only represents the forces of truss but also the geometry of another optimal truss, where the
external forces for this optimal structure can also be found by closing the open polygons in
the form diagram. For example, the external force applied at node a in Figure 6.7(b) is given
by closing the “open” polygon, A, or drawing a line from joint A-3-C-A to joint A-B-1-A.
Figure 6.7(c) shows the dual truss with the external loads given by closing all of the polygons
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Figure 6.8: The solution to the discrete Michell cantilever [43, 114] is self-reciprocal : (a) form
diagram, (b) force diagram. The geometries of the form and force diagrams are the same.
in (a).
The Appendix has a chart showing some dual discrete trusses along with the Bow nota-
tion. This chart graphically shows both the geometry and the forces for each pair of optimal
trusses.
6.3.2 Self-reciprocal discrete Michell frames
For some cases of paired trusses, it can be shown that the geometry of the reciprocal force
diagram is the exact same as the member diagram; it can be said that these types of structures
are self-reciprocal. An example of a self-reciprocal structure is the optimal discrete Michell
truss taken from [43] and [114] shown in Figure 6.8. Another notable example is the discrete
optimal shear bracing solution, shown in Figure 6.9. The geometry of this solution, central
to the numerical examples given throughout the thesis, shows that the structural is also
self-reciprocal. This self-reciprocity in the figures shown here, can be observed for the case
of any optimal cantilever when there is a single applied load acting parallel to a line drawn
through the supports.
Even though the form and force diagrams of self-reciprocal discrete Michell Frames are
the same, the mapping between reciprocal lines is complex. For example, the forces in the
outside chords of the Michell cantilever in Figure 6.8 are proportional to the lengths of the
lines in the fans at the supports. It is noteworthy that self-reciprocal Michell Frames provide
both the geometry and the forces in one diagram if one knows how to “read” the structure.
6.4 A method for truss optimization using graphic statics
An alternative to the methods presented in Section 6.2.1 for minimizing the value of a
structure is manipulation of the force diagram of a graphic statics analysis until a minimum
total load path is achieved. By manipulating the force diagram rather than the form diagram
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Figure 6.9: The solution to the shear bracing problem is self-reciprocal : (a) form diagram, (b) force
diagram. The geometries of the form and force diagrams are the same.
(as other methods typically do) one can always be assured that the resulting solution is in
equilibrium, since the force polygons are always closed. It can also be noted that, because the
solution is automatically constrained to be in equilibrium, there are also fewer independent
variables than if one tried to manipulate the form diagram. This methodology is described
in further detail in this section.
6.4.1 Problem statement
The well-known minimum compliance problem for truss topology optimization for a given
volume, V , can be written as follows:
min
u,t
FTu
s.t.
mX
i=1
tiKiu = F
mX
i=1
ti = V
ti   0, i = 1, ...,m
(6.2)
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where F is the global vector of applied forces, u is the global vector of nodal displacements,
Ki is the element stiﬀness matrix and ti is the volume of the ith member and m is the
total number of members. Classical truss topology optimization methods based on Eq.
(6.2), therefore, require the assembly of a stiﬀness matrix associated with a chosen ground
structure as given below:
K (t) =
mX
i=1
tiKi (6.3)
One of the major disadvantages of this formulation is that many optimal designs have a
singular stiﬀness matrix when described as part of the full ground structure, so the solution
of the equilibrium equation, K (t)u = F, typically becomes computationally diﬃcult. By
using graphic statics to perform the structural analysis, it is no longer necessary to compute
Eq. (6.3) and the singularity issue can easily be circumvented.
Similar to [78, 141], here the aim is to minimize the total volume, or equivalently the total
load path [15], of the structure in terms of the locations of the nodes in the force diagram, x,
which can be written as follows (assuming a constant state of stress at the optimum [175]):
min
x
V = min
x
1
 
X
|Pi| · Li (6.4)
where V represents the total volume of the structure,   is the constant value of stress, Pi
is the internal force and Li is the length of the ith member, respectively. For simplicity,
the sensitivities of the design variables (i.e. nodal locations) with respect to the objective
function can be approximated using the finite diﬀerence method below:
@V
@xi
=
V (x⇤)  V (x)
@xi
(6.5)
where x represents the vector of the nodal locations, and x⇤ is the vector of nodal locations
where the ith variable is modified as x⇤i = xi+@xi. We note that, in the proposed methodol-
ogy, the number of design variables is relatively small, making this option computationally
feasible.
6.4.2 Graphic statics for truss analysis
An advantage of using graphic statics for optimization is that the number of design vari-
ables is reduced; therefore, the computational size of the optimization problem is decreased
accordingly. The complexity of optimization process grows exponentially with the number
of variables, therefore, by reducing the number of design variables, the type and size of
problems that can be solved using computational structural optimization can be expanded.
In graphic statics, the member i with length Li has a reciprocal line in the force diagram
with length Lˆi that is proportional to the force Pi in the member. Thus, the objective
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function can be rewritten as follows:
min
x
V = min
x
1
 
X
Li · Lˆi (6.6)
which is equal to the summation of the products of the lengths of the members in the
form diagram and the lengths of their reciprocal members in the force diagram. This value
can easily be calculated based solely on the geometry of the two diagrams. Therefore, the
optimization framework using graphic statics can be summarized as follows:
1. Given a specified general geometry and connectivity of a structure (form diagram),
draw the corresponding reciprocal force diagram. Determine which node degrees of
freedom in the force diagram are restrained by reciprocal relationships with the form
diagram.
2. Assign design variables to each node degree of freedom in the force diagram that is not
restrained by reciprocal relationships.
3. Compute the sensitivities of the design variables (if necessary) and update the design
variables using a suitable optimization algorithm (gradient-based, or other).
4. Update the reciprocal force diagram, and use this to construct a new form diagram
(truss geometry).
5. Calculate the length of the lines in both diagrams.
6. Calculate the objective function based on the line lengths and repeat until convergence
is achieved.
Some of the advantages of conducting the optimization on the force diagram include the fol-
lowing: (i) Because the force diagram represents an equilibrium configuration, the structure
resulting from the optimization process will always satisfy equilibrium. (ii) No additional
members are needed to stabilize the structure or satisfy equilibrium. Recall that in tra-
ditional structural optimization approaches, it is necessary to add additional members to
triangulate the structure to make the numerical solution viable. These zero or low force
members at the end of the optimization process have a very small area, however, unless
some arbitrary means are taken to remove them from the solution, they will end up present
in the final solution, with very small area. The value chosen for the minimum area, can
actually change the solution of the numerical optimization process. Furthermore, by replac-
ing the analysis using the stiﬀness method with graphic statics as the analysis tool, there is
no need to compute and assemble the stiﬀness matrices; only geometric relationships are re-
quired. Depending on the original design problem objective, the location of the applied loads
(or supports) can change subject to the restrictions of the reciprocal relationships between
the form and force diagrams.
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Figure 6.10: Solution of two-bar truss optimization problem for minimum volume with equal and
unequal stresses: (left) form diagram, (right) force diagram
6.4.3 Optimization algorithms
In terms of the optimization algorithm used to update the design variables, a large number
of algorithms are available, including the optimality criteria [206], interior point algorithms,
the method of moving asymptotes [180], branch and bound methods, genetic algorithms,
etc. Though any of these methods can be selected, the user must be careful of avoiding local
minima in the final solutions. For the optimization algorithm of this work, we employ the
Method of Moving Asymptotes, proposed by [180].
6.5 Numerical examples
In this section, numerical examples are given to verify the proposed methodology and il-
lustrate the overall design process, starting with continuum topology optimization results
(similar to those presented in the previous chapters) and ending with a final discrete truss
that can easily be constructed.
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6.5.1 Two-bar truss optimization
In Figure 6.10, we examine the two-bar truss of [150] using the proposed methodology to
find the structure of minimum volume, 1 
P
Li · Lˆi. This two-bar structure is self-reciprocal
in that the form and force diagrams are the same, other than scale. The optimization is
done by manipulating nodes of the force diagram. In the force diagram, the relative position
of points b and c are set by the force vector FBC ; the position of the free point, a, is located
to achieve the minimum volume.
For an equal allowable stress in tension and compression,  T =  C , we observe the ex-
pected behavior where each member forms a 45  angle with the supports. On the other hand,
if the allowable compressive stress is one-third of the allowable tensile stress,  T = 3 C , the
results show agreement with the example of [150], where the angles are 60  and 30  respec-
tively. It should be noted that the locations of the supports in the form diagram changed
depending on permitted stresses. This is an advantage of this method when compared to
other techniques where the location of the supports must be set a priori.
6.5.2 Optimal bridge design
As mentioned previously, graphic statics can be particularly useful to analyze structures that
the stiﬀness method cannot. For example, the structural connectivity for the problem given
in Figure 6.11(b) is an example of an “unstable” structure, which would produce a singular
stiﬀness matrix and thus, could not be analyzed using the stiﬀness method. To analyze and
optimize the structure using graphic statics, the results of a continuum topology optimization
problem provide insight into what the initial connectivity of the structure is by discretizing
the continuum results (see Figure 6.11(a)-(b)).
It is important to note that since the initial interpretation does not include diagonal
members, it is not guaranteed to be in equilibrium. Thus, before performing the optimiza-
tion, the initial force diagram must be generated and modified (if necessary) such that each
reciprocal polygon is closed (see Figure 6.11(d)). Working backwards, the corresponding
initial form diagram can then be drawn using the modified force diagram, such that it is
guaranteed to be in equilibrium (see Figure 6.11(c)).
After the initial reciprocal diagrams are in equilibrium, the optimization can be performed
on the force diagram using the x-location of points 1 through 6 as the design variables, since
the horizontal members along the bottom chord of the form diagram constrain these points to
lie along the horizontal lines through them. Because of symmetry, the variables are reduced
to x1, x2 and x3. After minimizing the total load path of the structure, the form and force
diagrams are shown in Figure 6.11(e)-(f). Note that Nodes g and 1 overlay (as do Nodes
b and 6) indicating that members G-1 and B-6 are zero force members. It should also be
noted that Nodes c, d, e, and f are not connected to Line a-b and a-g in Figure 6(f).
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Figure 6.11: Example illustrating the solution of an “unstable” bridge: (a) topology optimization
results, (b) connectivity interpretation (not necessarily in equilibrium), (c) initial form diagram (in
equilibrium), (d) initial (reciprocal) force diagram (modified to be in equilibrium), (e) optimized
form diagram (in equilibrium), (f) optimized (reciprocal) force diagram (in equilibrium)
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Figure 6.12: Dual of optimal “unstable” bridge structure
As discussed in [15], the form and force diagrams are reciprocal; therefore, the force
diagram also represents the geometry of a truss (a dual) with its own external loads. Figure
6.12 shows the dual truss and its loadings. It should be pointed out that the dual truss
(Figure 6.12 shows the dual truss with its external loadings but Figure 6.11(d) is useful in
seeing the truss connectivity more clearly) is determinant and has the same total load path
as the original problem. This dual truss can be optimized using other tools available for
optimizing a determinant truss.
For example, the 6-bay bridge problem in Figure 6 has 12 nodes; 3 support degrees of
freedom may be assumed; and there are 17 members. This renders the problem under-
specified by 4 members (2 ⇤ 12 3 17 = 4). On the force diagram there are 13 nodes; the
horizontal lines are constrained to fixed y values. These lines (b-6, c-5, d-4, e-3, f -2 and g-1)
can be replaced with load vectors. This removes six nodes and six members from the problem.
Node “a” can be assumed to be constrained in the x and y-directions without biasing the
solution. An additional node, such as Node “6”, can be assumed to be constrained in the
x-direction to avoid rigid body rotations. There are 11 members remaining in the dual truss.
This results in a determinant problem (2 ⇤ 7  3  11 = 0). In optimizing the geometry for
a minimum load path in the dual truss, the y-coordinates of Nodes 1 to 6 are specified; this
combined with symmetry leaves only three variables. The load path of the six eliminated
members can be added algebraically.
The above observation applies to the Bridge Problem (i.e. a uniformly distributed load
between two points of support) regardless of the number of bays. For example, if the Bridge
Problem has 100 bays, the geometry is underspecified by 98 members, but the force diagram
is determinant. It is significant that, in some situations, graphic statics can map an opti-
mization problem that is highly underspecified to a dual problem that has the same total
load path but is determinant.
It is also interesting to note that the dual truss is very regular with the chord approaching
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a parabola. In fact, in Table 6.1 we show the optimal form and force diagrams for the bridge
structure using 6, 8, 12 and 16 bays, along with the total load path. The 16-bay bridge was
also studied in Figure 1.5 of [80], in which the total optimal load path was computed as
1.067. For the examples given in the table, the coeﬃcient of the equation for a parabola, A,
is used as a single design variable, instead of the horizontal coordinates of the force diagram
(as was done previously), for optimization of the total load path. When the force diagram
is constrained to be parabolic, we notice the resulting optimal load path approximates the
actual load path (in which the geometry of the force diagram is unconstrained, similar to
Figure 6.11(d)) almost exactly. This approximation provides the designer with a tool to
easily compute the nodal coordinates that are very close to optimal for a bridge structure
using a simple equation.
6.5.3 Cantilever benchmark
Here we consider the example of the cantilever in Figure 15 of [153]. For this example, a
continuum topology optimization model (Figure 6.13(a)) is used to provide guidance in de-
termining the overall geometry of the structure. This can then be interpreted to create the
truss in Figure 6.13(b). From this interpretation, an initial form diagram and its correspond-
ing reciprocal force diagram can be constructed (Figure 6.13(c)-(d)). While the geometry
of the initial form diagram looks reasonable at first glance, a quick inspection of the force
diagram shows obvious irregularities (e.g. the forces in members 6-7, 7-8 and 8-9) suggesting
that the structure might not be optimal. From here, the design variables for this structure
are selected as the coordinates of the form diagram nodes, which are not constrained by the
reciprocity relationships. Figure 6.13(e)-(f) shows the optimal form and force diagrams after
a minimum load path is achieved. Once again, it is interesting to note that the force diagram
represents the geometry of a dual truss with its own external loads (see Figure 6.14).
6.5.4 Example with one “force” variable
In Figure 6.15(a)-(f), an example is given to illustrate one of the advantages of the proposed
methodology. In this example, it is desired to create a minimum load path structure with the
same axial force in all the tension and compression chords. Typically, optimization problems
are limited in the sense that there are usually two design variables per node, whereas using
graphic statics, the entire geometry of a structure can be described using only one variable in
the reciprocal force diagram. The design process for such an optimal structure is described
next.
First, a lenticular truss is shown (from [204]), where the forces in the top and bottom
chords have the same magnitude, but diﬀerent signs. Moreover, by examining the corre-
sponding force diagram, we observe that the diagonal members of the truss are zero force
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Table 6.1: Parabolic approximation of the force diagram for the bridge problem
Number
of Bays Form Diagram Force Diagram
P
FL from
Optimiza-
tion
Coeﬃcient
A in
A[1  4x2]
P
FL from
Parabolic
Approxima-
tion
6 1.175 0.3383 1.177
8 1.119 0.3237 1.120
12 1.071 0.3106 1.071
16 1.049 0.3046 1.049
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Figure 6.13: Solution for the example given in Figure 15 in [153]: (a) topology optimization results,
(b) connectivity interpretation, (c) initial form diagram, (d) initial (reciprocal) force diagram, (e)
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Figure 6.14: Dual of optimal cantilever truss
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Figure 6.15: Optimization of a lenticular truss: (a) initial form diagram (taken from [204]), (b)
corresponding initial force diagram (showing diagonals are zero force members), (c)-(d) modification
of truss to achieve a constant force in the outer chords, (e)-(f) optimized form and force diagrams
of the truss. Note that in (c)-(f), the zero-force members are removed and in (f), Nodes 1 and 10
were removed because polygons 1 and 10 in the form diagram collapsed to a line.
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members. If these members are removed, it renders the structure unable to be analyzed
with the commonly-used stiﬀness method. If this “unstable” truss is then modified by ma-
nipulating the force diagram (it is guaranteed to be in equilibrium as long as the polygons
remain closed) such that the axial forces in all of the members of the outer chords (top and
bottom) are equal, the geometry of the form diagram can be computed as shown in Figure
6.15(c)-(d). In this case, the lengths of lines a-1, b-3, c-5, d-6, e-8, f -10, g-1, g-2, g-4, g-7,
g-9, and g-10 of the force diagram must be equal. Thus, the entire geometry of the structure
can be described using only one variable, representing the total force in these members.
If the geometry of this truss is manipulated directly on the force diagram using the
allowable force in the outer members as the sole variable such that 1 
P
Li · Lˆi is minimized,
the resulting optimal structure is shown in Figure 6.15(e)-(f). We note here that members
1-2, 2-3, 4-5, 6-7, 8-9 and 9-10 are all zero force members, which were not included in the
final form diagram. Furthermore, it has been demonstrated that the proposed methodology
is also capable of solving problems where the locations of the applied loads can change,
whereas continuum topology optimization or ground structures approaches cannot.
6.6 Concluding remarks
Maxwell’s ground-breaking work in 1864 and 1870 launched two trajectories in the theory
and design of trusses that this work attempts to reconnect. The first trajectory was that
of reciprocal diagrams and graphic statics. This aspect was quickly embraced and enlarged
by Culmann, Cremona and others and widely used by engineers as a practical method of
designing and analyzing trusses. Michell, in his landmark paper [119], starts with another
aspect of Maxwell’s 1870 paper and develops optimal frames of minimal total load path. The
total load path of a structure is the result of graphic statics with one diagram representing
the paths (lines of action) and the reciprocal diagram representing the forces (loads). This
chapter describes these two legacies of Maxwell through the application of graphic statics to
discrete optimal trusses. This results in some observations worth noting:
• The reciprocal diagrams of graphic statics provide the information needed to determine
the total load path of a structure. This provides an avenue for determining minimum
load path structures for a given connectivity by varying the geometry of the force
diagram subject to the restrictions of reciprocal diagrams.
• The force diagram that corresponds to the form diagram of an optimal discrete truss
represents the geometry of another optimal truss with possibly diﬀerent external loads.
This leads to recognition that optimal trusses are the dual of other optimal trusses, so
once dual trusses are properly paired, one can determine the forces in the members of
one truss by observing the lengths of reciprocal members in the other truss. A table of
some dual trusses is provided (see Appendix).
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• Certain discrete Michell Frames are self-reciprocal. This means that by observing the
geometry of certain Michell Frames one can also determine the forces in the members
if one knows how to “read” the structure.
Additionally, graphic statics was demonstrated as a tool for determining discrete minimal
load path structures. The method optimizes a structure by using design variables in the
force domain rather than manipulating the geometry of the structure, as is done in other
methods. It has great advantages in the optimization of “unstable” discrete trusses because
the solutions are constrained to be in equilibrium by the fact that the force diagrams have
closed polygons. The method often reduces the number of design variables because of the
restrictions of equilibrium and reciprocity with the form diagram. The method can also find
minimum load path structures where the point of application of the loads or the supports
can change as the optimal solution is determined. This work has resulted in the publications
listed in References [15] and [23].
As an extension of this work, the design of optimal bridges and cable systems using
graphic statics and Rankine’s Theorem are currently under investigation [22]. Another po-
tential avenue for further exploration is the use of graphic statics for three-dimensional
structural design. References [32, 33, 30] provide information regarding a three-dimensional
equivalent of graphic statics for the design of compression-only masonry structures; further
insight might also be gained from Rankine’s theorem for polyhedral frames [144, 22].
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Chapter 7
Conclusions and Extensions
The application of topology optimization to high-rise building design introduces a significant
number of new challenges to the classical optimization problem that were not previously
present for other industries. A new framework was proposed in this thesis to tackle these
issues by incorporating both discrete and continuum elements in the topology optimization
procedure. This framework has been shown to be advantageous to structural engineers and
architects alike by providing a complete design process from the conceptual design stage to
the final sizing of the members. In addition to compliance, linearized buckling and multi-
objective optimization have also been studied for high-rise building design, as it is important
for the engineer to evaluate and account for potential geometric instabilities, in addition
to other engineering criteria. To handle the large amounts of data associated with high-rise
building problems, the proposed framework has been implemented in C++ to take advantage
of the topological data structure, TopS [41, 42], for the finite element mesh representation
and object-oriented programming concepts to handle a variety of finite element problems
in an eﬃcient, but generic fashion. In this chapter, the main contributions of this thesis
towards the structural engineering industry are summarized, and suggestions are provided
for future work.
7.1 Summary of the thesis
The main contributions of this thesis for the topology optimization of high-rise buildings can
be summarized as follows:
• The proposed topology optimization framework leads to a better integration of engi-
neering and architecture in the design of buildings; the resulting designs embrace the
structural engineering together with the architecture to create innovative aesthetically
pleasing structures with evident structural engineering components.
• A technique is proposed for the design of optimal braced frames using a combined
discrete/continuum approach. The resulting geometries are analytically derived and
numerically confirmed.
• The proposed framework is generalized for single and multiple objective functions,
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including linearized buckling to account for geometric instabilities in high-rise structural
systems, and extended to an integrated multi-objective optimization framework where
the discrete/continuum elements optimized simultaneously.
• The eﬀectiveness of the proposed computational framework, TopFEM, which utilizes
the topological data structure, TopS, is demonstrated through numerical examples illus-
trating the analysis capabilities, in addition to its application in topology optimization.
• Graphic statics is used to analyze optimal structures, including the shear bracing prob-
lem, from a diﬀerent perspective, and it is shown that optimal trusses are duals of
themselves (self-reciprocal) or other optimal trusses, depending on the problem.
7.2 Suggestions for future work
Though significant progress has been made towards the integration of topology optimization
in the structural design industry, as described in this thesis, there are still several open topics
that could provide further benefits for the modeling and optimization of high-rise buildings.
The following problems are suggested as extensions of the work presented here.
Incorporation of shell finite elements
For realistic three-dimensional building structures, the framework presented here would ben-
efit from including other types of elements to more accurately model the structural behavior,
especially the combination of shell elements with three-dimensional beam elements to model
large structural systems. Shell elements are more advantageous than the brick (B8) elements
included here, as they have explicit terms (shape functions) to capture the moment and shear
components necessary for the incorporation of the problem into current design codes, while
B8 elements only account for nodal forces.
Other objective functions and loading scenarios
Though Chapter 4 discusses topology optimization for compliance, buckling and multi-
objective problems, there is still a necessity to examine other objective functions. One
of particular relevance to the high-rise design problem is the allowable stress level, especially
if the stress limits of the material in tension and compression are not equal, as in the case
of concrete or cable structures. Some analytical solutions for this type of problem are given
for classical Michell truss structures in [150], but have not yet been incorporated into the
topology optimization framework for high-rise buildings. Furthermore, using current AISC
design codes [9], the stress level is also valuable in selecting an appropriate steel shape for the
structural design. Other relevant objectives, including architectural criteria such as shading,
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solar exposure, value of views, etc. might also be added for a more unified and global design;
however, the quantification of these criteria and computation of their derivatives are not
straightforward.
Throughout this thesis, for the studies conducted using the proposed framework for op-
timization of compliance, buckling and multi-objective problems, the applied gravity and
lateral (wind) loads were approximated as uniformly distributed loads. The examples might
be further enhanced by applying non-uniform wind loads based on physical data from wind
tunnel models or exploring other loading scenarios, such as applying several diﬀerent loadings
simultaneously or using the load cases designated by ASCE 7 [87].
Nonlinearities in topology optimization
Linear assumptions in topology optimization are not always valid or practical for structures
subjected to realistic mechanical conditions [91]. For example, the buckling objective func-
tion studied in Chapter 4 included only a linearized component; this work would benefit from
accounting for the nonlinear behavior associated with large deflections present in high-rise
buildings. Additionally, wind loads and gravity loads in this thesis were based on realistic
constants. In the case where wind loads are modeled as a pressure along the exterior of a
building, however, the resulting forces depend on the shape and material density distribution
of the structure, which is unknown prior to the optimization. The gravity loads due to the
self-weight of the structure are also dependent on the material distribution. This work would
further benefit by incorporating the nonlinearities due to these loads, often referred to as
design-dependent loads, into the high-rise optimization problem.
Integration with commercial software
Finally, a continuation of this work is to explore a more interactive framework between the
structural engineering presented here and the architectural parameters both technical (need
for stairs, elevators, mechanical openings, etc.) and aesthetic (design value of the structure).
More specifically this work would benefit the structural engineering industry by extending
its capabilities to integrate with architectural software, especially exporting the geometry
of the results to AutoCAD R  or others. Additionally, a user friendly interface with input
parameters could be created to incorporate the structural engineering, architectural aspects
and topology optimization problem for use in today’s design companies.
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Appendix A
Graphic Statics Reciprocal Diagrams
The following table presents a summary of the reciprocity relationships between the form
and force diagrams described in Chapter 6 for several optimal structures.
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1I. Classical discrete Michell solution for the centrally-loaded beam [119, 80, 114]
2II. Variation on the classical discrete Michell centrally-loaded beam [80]
3III. Two discrete Michell solutions for semi-infinite space [119, 80]
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4IV. Self-reciprocal cantilever with two points of support [43, 114]
5V. Optimal shear bracing solution for high-rise problem [80, 175]
6VI. Two dual minimal weight trusses given in [137]
7VII. Discrete Michell cantilever truss with a circular support [119]
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